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ABSTRACT :
Our o b je c t iv e  i s  to  ex ten d  th e  v/ell*-laiown P lo q u e t 
th e o ry  o f o rd in a ry  d i f f e r e n t i a l  e q u a tio n s  w ith  s in g ly - ,  
p e r io d ic  c o e f f i c i e n t s ,  to  e q u a tio n s  w ith  d o u b ly -p e r io d ic  
c o e f f i c i e n t s .  We s tu d y  m a in ly  an e q u a tio n  o f  f a i r l y  
g e n e ra l  ty p e , ana lo g o u s to  H i l l* s  e q u a tio n , b u t  d o u b ly - 
p e r io d i c .  Some p a r t i c u l a r  a t t e n t i o n  i s  d ev o ted ,' how ever, 
to  th e  s p e c ia l  c a se  o f Lame*s e q u a tio n .
\  . A g e n e ra l  th e o r y ,  ana lo g o u s t o  t h a t  f o r  H i l l* s  e q u a tio n , 
i s  f i r s t  d ev e lo p ed , w ith  some c o n s id e ra t io n  o f an a lg e b ra ic  
form  o f th e  e q u a tio n , • h a v in g  th r e e  r e g u la r  s i n g u l a r i t i e s  and 
one i r r e g u l a r .
N ext we in tro d u c e  a  p a ra m e te r  v (one o f  th e  c h a r a c t e r i s t i c  
exponen ts a t  a  s i n g u l a r i t y ) .  I n  th e  case  v = 0 th e  g e n e ra l 
s o lu t io n  i s  u n ifo rm  and H erm ite  showed t h a t  th e r e  th e n  e x i s t s  
a t  l e a s t  one d o u b ly - m u l t ip l ic a t iv e  s o lu t io n .  The c e n t r a l  
work o f t h i s . t h e s i s  i s  to  c o n s id e r  c e r t a in  r a t i o n a l  v a lu e s  
o f  V ,. in tro d u c in g  some s p e c ia l  c u ts  i n  th e  complex p la n e  and 
showing t h a t  i n  c e r t a i n  c irc u m s ta n c e s  th e  g e n e ra l  s o lu t io n  
i s  un ifo rm  i n  th e  c u t 'p l a n e .  V/hen t h i s  i s  so , d o u b ly - 
m u l t i p l i c a t iv e  s o lu t io n s  a g a in  e x i s t .  . .
.E x ten sio n  to  g e n e ra l  r a t i o n a l  v a lu e s  o f  v depends on an 
i n t e r e s t i n g  and a p p a re n t ly  unproved, c o n je c tu re  r e l a t e d  to  
th e  z e ro s  o f iChebyshev p o ly n o m ia ls .
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NOTE
.T h ro u g h o u t t h i s  t h e s i s  i f  we r e f e r  to  an e q u a tio n  i n . 
th e  same p a ra g ra p h  we g iv e  o n ly  th e  number o f th e  e q u a tio n , 
w hereas, i f  we r e f e r  to  an e q u a tio n  in  a n o th e r  p a ra g rap h  we 
g iv e  th e  p a ra g ra p h  number and th e n  th e  e q u a tio n  number 
(e .g o  4.51(2) r e f e r s  to  e q u a tio n  ( 2 l .  in  p a ra g ra p h .4 .51}
: ; " ;  ; ( i )
INTRODUCTION
The F lo q u e t th e o ry  [ 8  ] o f o r d i n a r y .d i f f e r e n t i a l  
e q u a tio n s  w ith  s in g ly - p e r io d ic  c o e f f i c i e n t s  was developed  
n e a r ly  a  c e n tu ry  ago; i t  s t a t e s  t h a t  i f  th e  c o e f f i c i e n t s  o f 
an o rd in a ry  l i n e a r  d i f f e r e n t i a l  e q u a tio n
L^(w) = V 0
a re  p e r io d ic  f u n c t io n s  o f  z w ith  p e r io d  u , th e n  un d er v e ry  
m ild  r e s t r i c t i o n s  th e r e  alw ays e x i s t s  a t  l e a s t  one . . 
m u l t i p l i c a t iv e  s o lu t io n ,  t h a t  i s ,  one s o lu t io n  u (z )  w ith  th e  
p ro p e r ty :  % . ^
u (z+ m ). s  su (z )  ,
f o r  an. a p p r o p r ia te ly  chosen  c o n s ta n t  s ,  w hich i s  i n  g e n e ra l 
com plex. I t .  fo llo w s  im m ed ia te ly , i f  s  = e ^ ,  t h a t  u (z )  can  
be p u t  in to  th e  form
. u ( z )  = e ^ P ( z )
where P(z). i s  p e r io d ic  w ith  p e r io d  n .
I t  i s  n a tu r a l  to  in q u ir e  how f a r  t h i s  th e o ry  may be 
ex ten d ed  to  a  d i f f e r e n t i a l  e q u a tio n  whose c o e f f i c i e n t s  a re  
d o u b ly -p e r io d ic  f u n c t io n s ,  w ith  p e r io d s  w, w*, sa y . As 
lo n g  ago a s  1877 H erm ite  C 9 3 e s ta b l is h e d  th e  rem arkable, 
r e s u l t  t h a t  i f  th e  g e n e ra l  s o lu t io n  o f a  l i n e a r ,  homogenous  ^
doub ly -p  e r io d ic  e q u a tio n  i s  u n ifo rm  th ro u g h o u t th e  e n t i r e  
complex p lan e ', th e r e  e x i s t s  a t  l e a s t  one d o u b ly -m u l t ip l ic a t iv e
/'
: ■„ . ■ . : ( i l )
s o lu t io n  w (z ) , such  t h a t
w(z-J-w) = sw (z) , w(z+ü)*) H s ’w(z)
f o r  a p p ro p r ia te  s ,  s* . Such a  s o lu t io n  can , i n  f a c t ,  be 
p u t  i n to  th e  form
where © i s  th e  Ja c o b ia n  th e  t a  f u n c t io n ,  p. and a  a r e . s u i t a b ly
/7<)chosen c o n s ta n ts  l in k e d  to  s ,  s ’ , w and œ* end ( |( z )  i s  
d o u b ly -p e r io d ic  w ith  p e r io d s  w, w’ . The H erm ite th e o ry  ' 
p re c e d e d  and p o s s ib ly  su g g e s te d  th e  s im p le r  F lo q u e t th e o ry , 
f o r  s in g ly -p  e r io d ic  e q u a tio n s*  %  t i l l  th e  p r e s e n t , th e r e  
a p p e a rs  t o  have b een  no p u b lis h e d  r e s u l t  le a d in g  to  an 
e x te n s io n  o f th e  F lo q u e t th e o ry  and th e  m ajo r p a r t  o f  t h i s  
t h e s i s  i s ,  t h e r e f o r e ,  concerned  w ith  a d a p tin g  th e  H erm ite 
th e o ry  to  doub ly -p  e r io d ic  d i f f e r e n t i a l  e q u a tio n s  when th e  
g e n e ra l  s o lu t io n  i s  n o t  u n ifo rm  i n  th e  complex p la n e .
In  C hap ter I  we g iv e  some background  m a te r ia l  and 
in tro d u c e  a  d o u b ly -p e r io d ic  d i f f e r e n t i a l  e q u a tio n  o f th e  
fo llo w in g  g e n e ra l  ty p e
+ {'2 ap sn^^z}w = 0 , (* )dz o
an a lo g o u s to  H i l l ’ s  e q u a tio n  and w hich we c a l l  th e  d o u b ly - 
p e r io d ic  H i l l  e q u a t io n .:  J u s t  a s  H i l l ’ s e q u a tio n  i s  a
g e n e r a l iz a t io n  o f  th e  s in g ly -p  e r io d ic  Mathieu* s e q u a tio n , so
th e  d o u b ly -p e r io d ic  H il l ;  e q u a tio n  i s  a  g e n e r a l iz a t io n  o f 
/Lame’ s e q u a tio n . A lso i n  C hap ter !  i s  a  p re lim in a ry , theorem,
showing t h a t  i f  a  fu n c t io n  i s  knovn to  be  even o r  odd,
Id o u b ly -p e r io d ic  w ith  2E, 2iK  each a s  a  p e r io d  o r  an ti*^period
end fu r th e rm o re  o n ly  h a s  one s i n g u l a r i t y  i n  a  fundam enta l
p e r io d  p a ra l le lo g ra m , th e n  i t ,  m ust have a p a r t i c u l a r  form o f
s e r i e s  r e p r e s e n ta t io n .
C hap te r I I  i s  d ev o ted  to  th e  g e n e ra l th e o ry  o f th e
doub ly -p  e r io d ic  H i l l  e q u a tio n  ( * ) .  T his e q u a tio n  w i l l ,  b y  .
i t s  v e ry  n a tu r e ,  have an i n f i n i t e  number o f s i n g u l a r i t i e s  in
th e  f i n i t e  p a r t  o f  th e  complex p la n e  and th e s e  s i n g u l a r i t i e s
can n o t i n , any sen se  be  b y -p a s se d , b ecau se  doub le  p e r i o d i c i t y
i s  e s s e n t i a l l y  a  p r o p e r ty  w hich in v o lv e s  th e  whole complex
p la n e .  . In  g e n e r a l ,  t h e r e f o r e ,  th e  a n a ly t ic  c o n tin u a t io n  o f
a  s o lu t io n  w i l l  n o t  be  s in g le -v a lu e d ;  t h i s  i s  th e  c ru x  o f .
th e  d i f f i c u l t y  i n  e x te n d in g  th e  F lo q u e t th e o ry ;  Hermite* s
a n a ly s i s  a p p l ie s  o n ly  i n  th e  c a se  when t h i s  d i f f i c u l t y  i s
removed b y  h y p o th e s is .
I n  C hap te r I I  we commence b y  im posing , i n  th e  complex
z -p la n e ,  a  s e r i e s  o f  c u ts  to  e n su re  t h a t  th e  c o n tin u a t io n  o f
a  s o lu t io n  w i l l  be  unique* W ith th e  z -p la n e  so c u t  th e
p r o p e r t i e s  o f s o lu t io n s  o f e q u a tio n  (*) a re  in v e s t ig a te d  and
th e  c o n n e c tio n  betw een  a d o u b ly -p e r io d ic  s o lu t io n  and th e
th r e e - p o in t  boundary  c o n d it io n s  t h a t  i t  s a t i s f i e s  i s  g iv en .
F or co m p le ten ess th e  H erm ite th e o ry  f o r  th e .c a s e  where th e
g e n e ra l  s o lu t io n  i s  un ifo rm  i n  th e  z -p la n e  i s  d e s c r ib e d .
 ^The doub ly -p  e r io d ic  H i l l  e q u a tio n  i s  th e n  tra n s fo rm e d
u n d er th e  s u b s t i t u t i o n  u  = s n z ;  i t  th e n  becomes an é q u a tio n
" - 2  . ' /w ith  th r e e  r e g u la r  s i n g u l a r i t i e s  a t  u  = 0 , 1 and k  , and a ’
f u r t h e r  s i n g u l a r i t y ,  g e n e r a l ly  i r r e g u l a r ,  a t  i n f i n i t y .  The
H erm ite th e o ry  i s  r e - fo rm u la te d  i n  te rm s o f c i r c u i t s  i n  th e
u -p la n e  and e s ta b l i s h e d  b y  a  d i r e c t  a n a ly s i s ; ,  th e n  i n  th e
rem a in in g  p a ra g ra p h s  o f C hap te r I I  we c o n s id e r  th e
p r o p e r t i e s  o f  m u l t i p l i c a t iv e  s o lu t io n s  i n  th e  u -p la n e  i n  a
s im ila r , m anner to  A rs c o t t  and Sleem an [ 5 3 .  I n  p a r t i c u l a r .
we d e te rm in e  th e  r e l a t i o n s h ip  betw een  th e  p a th  f a c t o r s  f o r
a  s o lu t io n  w hich i s  m u l t i p l i c a t iv e  f o r  c e r t a i n  p a th s  about
th e  f i n i t e  s i n g u l a r i t i e s  and th e  c h a r a c t e r i s t i c  exponen ts a t
u  = CO, i n  th e  c a se  when th e  s i n g u l a r i t y  a t  , i n f i n i t y  i s
r e g u la r  ( i . e .  when th e  doub ly -p  e r io d ic  H i l l  e q u a tio n  re d u c e s
to  Lame ' s  e q u a tio n )  . •
C hap te r I I I  i s  concerned  p a r t i c u l a r l y  w ith  Lam e's
e q u a tio n . The o rth o g o n a l p r o p e r t i e s  f o r  Lame, p o ly n o m ia ls
(A rs c o t t  [4- 3) a re  ex ten d ed  to  g e n e ra l d o u b ly -p e r io d ic
/s o lu t io n s  o f  L am e's e q u a tio n  and i n  th e  s p e c ia l  c a se  i n  which
th e  g e n e ra l  s o lu t io n  i s  u n ifo rm  we show t h a t  th e  p a th  f a c t o r s
f o r  th e  m u l t i p l i c a t iv e  s o lu t io n s  i n  th e  u -p la n e  s a t i s f y  th e
a p p ro p r ia te  t r ig o n o m e tr ic  c o n d it io n  o b ta in e d  b y  A rs c o tt  and
Sleem an [ 5  3. I n  194-1 E rd e ly i  [ 6 3  showed b y  exam ining th e
c h a r a c t e r i s t i c ,  v a lu e s  o f h  o b ta in e d  by  In ce  [ 12 3, [ 15 3,
t h a t  th e  o n ly  d o u b ly -p e r io d ic  (p e r io d s  4-K, 4-iK ) s o lu t io n s
o f L am e's e q u a tio n  a r e ,  i n  f a c t ,  th e  Lame p o ly n o m ia ls i
, - C o n s id e ra tio n  o f Lame ' s  e q u a tio n  i n  th e  t - p l a n e , where
t  -  s n z ,  e n a b le s  us. t o .g iv e  an in d ep en d en t p ro o f  of. t h i s  •
r e s u l t ,
The, e x te n s io n  o f th e  F lo q u e t th e o ry  to  th e  d o ub ly - 
p e r io d ic  H i l l  e q u a tio n  i s  g iv en  i n  C h ap te rs  IT  and V. The 
key  concep t i n  t h i s  e x te n s io n  i s  th e  q u a n t i ty  , v , .in tro d u c ed
i n  p a ra g ra p h  4 .2  and c a l l e d  th e  c h a r a c t e r i s t i c  exponent;
i t  i s  i n  f a c t  th e  c h a r a c t e r i s t i c  exponent ( i n  th e  sense  u sed
by  E rd e ly i  [ 7 ] )  a t  each o f  th e  i r r e g u l a r  s i n g u l a r i t i e s  i n
th e  z -p la n e  and tw ic e  th e  c h a r a c t e r i s t i c  exponent a t  i n f i n i t y
i n  th e  u -p la n e .  In  e f f e c t  Hermite* s th e o ry  a p p l ie s  to  th e
c ase  V = 0* . The e x te n s io n  i s  concerned  w ith  r e a l ,  r a t i o n a l
' Zv a lu e s  o f t h i s  exponent v. (v  = ~  where and m a re  co -p rim e) 
and, th e  z -p la n e  i s  c u t  i n  such  a  way t h a t  each c u t  c o n ta in s  
p r e c i s e ly  m s i n g u l a r i t i e s .  One m igh t ex p ec t t h a t  th e  
g e n e ra l s o lu t io n  i s  th e n  u n ifo rm  i n  th e  cut^ p la n e  ^  b u t  t h i s  
i s  found  n o t to  be  th e  c a se  and we a re  a b le  to  e s t a b l i s h  a 
" u n ifo rm ity  c o n d i t io n ” (§ 4 .5 1 ) whereby th e  g e n e ra l s o lu t io n  
o f  th e  d o u b ly -p e r io d ic  H i l l  e q u a tio n  w i l l  be  un ifo rm  
th ro u g h o u t t h i s  c u t  p la n e .  The c a se  m = 2 i s  v e ry  s p e c ia l  
and so i s  d e fe r r e d  to  C hap ter V. The rem ainder, o f 
C hap te r IV i s  concerned  f i r s t  w ith  th e  c a se s  m = 5, 4 , 5 . 
and 6 w hich e x h ib i t  a  few s p e c ia l  f e a t u r e s ,  and th e n  w ith  
g e n e ra l r a t i o n a l  v a lu e s  o f v  .
The " u n ifo rm ity  c o n d it io n "  i s  e x p re ssed  i n  te rm s o f a 
c e r t a i n  " s h i f t  m a tr ix "  T; t h i s  m a tr ix  i s  in h e re n t  in  th e  
d i f f e r e n t i a l  e q u a tio n  (*) and e f f e c t i v e l y  th e  u n ifo rm ity  
c o n d it io n  i s  a  c o n d it io n  on T. . We exam ine, i n  th e  c a se s  
5 , 4 , 5) 6 , th e  p o s s ib le ’ form s o f T which s a t i s f y  t h i s  
u n ifo rm ity  c o n d it io n  and o b ta in  some ex trem e ly  i n t e r e s t i n g  
p r o p e r t i e s  r e l a t i n g  to  th e  p e r i o d i c i t y  o f s o lu t io n s :  i n
b ro a d  te rm s one may sa y  t h a t  th e  H erm ite th e o ry  re g a rd in g  
d o u b ly - m u l t ip l ic a t iv e  s o lu t io n s  goes over in to  th e  c u t 
p la n e  i f ,  b u t  o n ly  i f ,  th e  .u n ifo rm ity  c o n d it io n  i s  s a t i s f i e d .
%
( v i )
The s i t u a t i o n  f o r  v = —, m = 5 » 4 , 5> 6 i s  th u s
: c o m p le te ly  analysed#  The c r i t i c a l  f e a tu r e  o f th e  a n a ly s is  
i s  th e  f a c t  t h a t  th e  s h i f t  m a tr ix  T can ta k e  o n ly  two o r 
th r e e  p o s s ib le  form s a c c o rd in g  a s  m irs odd o r even . ; 
V e r i f i c a t io n  o f  t h i s  f a c t  depends on te d io u s  c a lc u la t io n s  
w hich have to  be  c a r r i e d  o u t f o r  m = 5, 4 , 5 and 6. No 
■method h a s ,  how ever, b een  found  o f ex te n d in g  t h i s  to  g e n e ra l 
; v a lu e s  o f m, b u t  we show, t h a t  i t s  t r u t h  depends on a  s im p le -  
lo o k in g  c o n je c tu re , ( c o n je c tu re  A § 4 .5 5 4 ) in v o lv in g  
t r ig o n o m e tr ic  f u n c t io n s  o n ly  and we u se  t h i s  l o g ic a l .  7  .
im p l ic a t io n  to  show t h a t  th e  same r e s u l t  h o ld s  f o r  m -  ? . ..
.' (§  4. 555) * The same, a n a ly s i s  a p p l ie s  v i r t u a l l y  unchanged . . 
to  a l l  v a lu e s  o f m g r e a t e r  th a n  7 f o r  w hich c o n je c tu ré  A 
h o ld s .  F in a l ly ,  we show t h a t  c o n je c tu re  A would be  a 
consequence o f an even s im p le r  c o n je c tu r e . (c o n je c tu re . C ),
. nam ely , t h a t  no two p a i r s  o f z e ro s  o f a  ChebysheV po lynom ia l . 
•; o f th e  second k in d  can  have th e  same r a t i o , ,  a p a r t  from  th e  
. obv ious t r i v i a l  c a s e s ,  and we u se  t h i s  c o n n e c tio n  to  ( i )  • 
p ro v id e  an a l t e r n a t i v e  v e r i f i c a t i o n  o f  c o n je c tu re  A f o r  th e  
ca se  m = 7 snd  ( i i )  show t h a t  c o n je c tu re  A i s  a ls o  t r u e  f o r  
m = 8 .
C hap ter V d e a ls  w ith  th e  c a se  m -  2 , w hich i s  
e x c e p tio n a l  i n  t h a t  th e n ,  and o n ly  th e n , th e  g e n e ra l s o lu t io n  
o f (^0 may in v o lv e  a  lo g a r i th m  and s e p a ra te  a n a ly s i s  i s ,  
needed  o f  th e  two c a s e s ,  i n  w hich t h i s  lo g a r i th m  does o r 
does n o t  o c c u r . S p e c ia l  r e f e r e n c e  i s  made' to  la m e 's  
. e q u a tio n .
l a s t l y ,  Appendix A c o n s id e r s  th r e e  e x te n s io n s  o f th e  
tw o -p aram ete r e ig e n v a lu e  problem  s tu d ie d  by  A rs c o tt  [ 3 3,
■v V ,v ■ , ■  ■■■.
. ( v i i )
nam ely to  th e  c a s e s  where th e  h cu n d ary  c o n d it io n s  a re  o f a 
( i )  combined, ( i . e .  in v o lv in g  th e  fu n c t io n  and i t s  
d e r i v a t i v e ) ,  ( i i )  s in g ly - p e r io d ic ,  o r  ( i i i )  doub ly-p  e r io d ic  
n a tu r e .  . ' < ' ‘
1 .
CHAPTER I
Some background  m a te r ia l  ; a  p re lim i.n a ry  theorem  ■ '
I n  t h i s  c h a p te r  we s e t  th e  background  by  f i r s t  
d e s c r ib in g  how th e  p e r io d ic  d i f f e r e n t i a l  e q u a tio n s  can  a r i s e  
from  p h y s ic a l  p rob lem s and th e n  r e c a p i t u l a t i n g  some o f th e  . 
k ey  f a c t s  abou t s in g ly - p e r io d ic  e q u a tio n s . F in a l ly  th e r e  
i s  g iv en  a  p re lim in a ry , theorem  w hich r e l a t e s  t o  th e  form  o f 
a  c l a s s  o f  doub ly -p  e r io d ic  f u n c t io n s .
1 ,1  . F o rm ation  o f th e  e q u a tio n s
The tw o -d im en sio n a l Helmholz e q u a tio n
^ . , 8 %  .  _  , : ( 1 )ÔX , ôy ■
when tra n s fo rm e d  to  e l l i p t i c  c o o rd in a te s  ? , ti r e l a t e d  to  
C a r te s ia n  c o o rd in a te s  b y
X = c cosh  Ç cos u , Ç 6 C0,«>) (2 a)
y  a c s in h  g s in  /rj , u E (-TCjTt] (2b)
becomes ( s e e  N e v i l le  [16] p p . 338 -  352)
2 21 - 5  4- 1 - 5  + ic \^ C c o s l i  2 5 - o o s  2ti]V/ = 0 . ( j )
a# ‘ 8ri
I f  we assume a  s e p a ra te d  s o lu t io n  W = F (^ ) G (q ), th e n  th e  two 
o rd in a ry  e q u a tio n s  % :
2 .
+ {- a  + &c^x^.:C08h  2g}F = = . O//, . . (4a).
V'2' ' ■ ■ ' • ' '1 4  + ( a  -  | c 7 'C 0 S  2ti)G = 0 , . : : /  (4b) '
axe o b ta in e d ,-w h e re  a  i s  .th e  s e p a ra t io n , c o n s tan t*  The 
s u b s t i t u t i o n  ç = iç*  tra n s fo rm s  (4 a) in to  th e  same form as  
(4b) and a: f u r t h e r  s u b s t i t u t i o n  c x = 4q y i e ld s  th e  
eq u a tio n .: ,,0 ^ ; ; :% ' " 7  \ : /  :
7 ' ' "
dz + ( a  -  2q cos 2z)w = 0 . (5 )
.T h is e q u a tio n , known a s  M a th ie u 's e q u a tio n , i s  i n  th e  form  
u se d  by. M cLachlan [153 . i  H i l l ' s  e q u a tio n , w hich-does n o t 
a r i s e  from  s e p a r a t io n  o f  th e  wave e q u a tio n  b u t i s  a  
g e n e r a l i z a t io n  o f ( 5 ) ,  i s  - -.
^  +' JCz ) w = 0 , , (6 )
dz^
where. J ( z )  i s  an even p e r io d ic  fu n c t io n  of z w ith  p e r io d  m 
and e x p re s s ib le  a s  a F o u r ie r  s e r i e s  v a l id  i n  an i n f i n i t e  
s t r i p  c o n ta in in g  th e  r e a l  a x is  ' \
: J (z )  = e „ + : . . S  28_ cos  2rz . : \  , : : (7 )
The th re e -d im e n s io n a l  Helmholz e q u a tio n  tra n s fo rm e d  to  
e l l i p s o i d a l  c o o rd in a te s  a ,  j3, y g iv en  b y  q-
: - - y  ' ' ' " T  - : ' ' " .7 :  5 :
X = sa  a  an p sn Y , a  6 (—2K,2K] (8a)
y = - A  k'"^ cnaonPon-Y) P E [K,K + 2iK'3 (8b)
z = daadri pclnY) y S (iX',K + iK'3 (8c)
where i s  a  c o n s ta n t  and k  i s  th e  m odulus o f  th e  Ja co b ia n
e l l i p t i c  f u n c t io n s ,  i s  th e  p a r t i a l  d i f f e r e n t i a l  e q u a tio n
' ^  . ■' 2 ■ ' ', 2 ( s n^a - s n^P) " ' ^ ( s n^Y- ‘ (9)
a ,P ,Y  ôa
Assuming a s e p a ra te d  s o lu t io n  W = A (a)B(|3)c(Y ). v A(a) ,. B({3)' 
and 0(Y) each s a t i s f y  th e  same e q u a tio n  o f  th e  ty p e  .
s n \  + D sn^z + E)v; = ' 0 , (10)
. dz -
D and E b e in g  s e p a r a t io n  c o n s ta n ts . ,  : In tro d u c in g  q , b and a 
a s  fo llow s.
- ' 7 ^  = -  4 , .:
B 1 .  - b k ^ , : ( i i )
' E / _ a . f  y  " y . . : /
e q u a tio n  (10) becomes th e  e l l i p s o i d a l  w ave.e q u a tio n
dz
2,
'2^ -  (a  + b k ^ . sn^z -f qk^ sn% )w  = 0 . (12)
F or th e  s p e c ia l  c a se  o f  l a p l a c e ’ s e q u a tio n  V^ W = 0 , i ^ e .  
th e  c a se  x = 0 , t h i s  e q u a tio n  re d u c e s  to  ■ .
4 .
R e w r itin g  t h i s  in  th e  form
2
1 - 5  + (h  -  v (v  + l ) k 2  sn.2z)w .= 0 , (14)
dz
iwe have th e  Ja c o b ia n  form  o f  L am e's e q u a tio n . In  th e  same 
way a s  H i l l ’ s e q u a tio n  was a  g e n e r a l i z a t io n  o f th e  s in g ly -  
p e r io d ic  M ath ieu*s e q u a tio n , a  g e n e r a l i z a t io n  o f e q u a tio n
( 1 4 ) ' i s ;  7 "  ' ' : r .
+ §(z)w = : 0 ; ; (15)dz^
where s (z )  i s  even, s in g le -v a lu e d  i n  th e  e n t i r e  z -p la n e , 
d o u b ly -p e r io d ic  w ith  p e r io d s  2Iv,2iK' and i s  a n a ly t i c  excep t 
a t  z = iK ' and co n g ru en t p o in t s  (mod 2R ,2 iR ' ) .  E q u a tio n
(15) does n o t  p o s s e s s  any d e f i n i t e  name and I  s h a l l  ; r e f  e r . 
to  t h i s  a s  t h e  d o u b ly -p e r io d ic  H i l l  e q u a tio n  a s  t h i s  a p p ea rs  
to  d e s c r ib e  th e  n a tu r e  o f th e  e q u a tio n  a d e q u a te ly .
1 ,2  P r o p e r t ie s  o f s o lu t io n s  o f s in g ly - n e r io d ic  e q u a tio n s
The P lo q u e t th e o ry  o f o rd in a ry  d i f f e r e n t i a l  e q u a tio n s  
w ith  p e r io d ic  c o e f f i c i e n t s  i s  one o f th e  b a s ic  e le m e n ts ' i n  
th e  s tu d y  o f such e q u a t io n s , n o t  o n ly  in  th e  a b s t r a c t  th e o ry  
b u t  i n  a p p l ic a t io n s  a l s o .  I n  e ssen ce  th e  P lo q u e t th e o ry  
[ 8 ]  s t a t e s  t h a t  i f  th e  :;'co e f f i c i e n t s  o f an o r d in a r y . l i n e a r  
d i f f e r e n t i a l  e q u a tio n
• v ': i'o^(w) = 0 , .7 . . q (1)
■ 5 .
a re  p e r io d ic  fm ic t io n s  o f z w ith  p e r io d  u , th e n  under v e ry  - ' ' ' " " - . . . ..m ild  r e s t r i c t i o n s  th e r e  a lw ays e x i s t s  a t  l e a s t  one s o lu t io n
u (z )  .w i th ^ h e 'p f o p o r ty  th a t .
u (z  + 7 € )  H s u (z )  5 . (2 )
f o r  an a p p r o p r ia te ly  chosen  c o n s ta n t  s ,  w hich i s  g e n e ra l ly
com plex. . I f  L i s  second o rd e r  th a n  s s a t i s f i e s  a  . . •. . z
q u a d ra t ic  e q u a tio n  o f th e  form
s^ — 2As + 1 = 0 .  (2 a)
We o b se rv e  t h a t  th e  p ro d u c t o f  th e  r o o t s  i s  u n i ty ,  so t h a t
—1i f  8^  i s . a  r o o t ,  so i s  s^ , I t  fo llo w s  im m ed ia te ly  t h a t
i f  s = e^^ , th e n  u (z )  can b e  p u t  into* th e  form
u (z )  = e ^  P (z )  , (5)
where P (z )  i s  p e r io d ic  w ith  p e r io d  m.
. A f u n c t io n  o f th e  ty p e  g iv en  b y  (2) i s  c a l l e d  
m u l t i p l i c a t i v e ,  o r  p s e u d o -p e r io d ic ,  f o r  an in c re a s e  in  z 
o f Tt. P a r t i c u l a r  im portance  a t t a c h e s  to  f u n c t io n s  f o r  th e  
s p e c ia l  c a se  i n  w hich 8 = 1 1 , i . e .  . '
u ( z + 7c) = ± u (z )  (4 )
and th e s e  a re  r e f e r r e d  to  a s  b a s i c a l l y - p e r i o d i c .
A theorem  o f c o n s id e ra b le  im portance  i n  r e l a t i o n  to  
M ath ieu ’ s e q u a tio n , 1 .1 (1 5)9 was e s ta b l is h e d  b y  In c e  in  
1922 [10] and s t a t e s  t h a t  i f  one s o lu t io n  o f M ath ieu ’ s 
e q u a tio n  (w ith  q /  0) i s  b a s i c a l l y - p e r i o d i c ,  ( i . e .  h a s
- .6.
p e r io d  m o r 2m), th e  o th e r  h a s  n e i t h e r  ,of th e s e  p e r io d s .
In  th e  c a se  o f H i l l ’ s e q u a tio n  1 .1 ( 5 ) ,  w hich sh a re s  many o f 
, th e  p r o p e r t i e s  o f M ath ieu ’ s e q u a tio n  tifo h a s i c a l l y - p e r io d i c  .
s o lu t io n s  can e x i s t  i n  some c a s e s ,  e .g .  when 0.  ^ .= 0 f o r
' ■ , ■ - ' r , ^  1 . There c a n n o t , how ever, c o - e x i s t  one s o lu t io n  o f ,
p e r io d  m and one o f  p e r io d  2m.
' . . . .. - - -t' ' : '1.3 B a s ic a l ly - p e r io d ic  fu n c t io n s
..It i s  c o n v en ien t a t  t h i s  p o in t  to  ex ten d  th e  id e a  o f a 
h a s i c a l l y - p e r io d i c  f u n c t io n  to  th e  rea lm  o f d o u h ly -p e r io d ic  
f u n c t io n s .  . H e n ce fo rth  we s h a l l  adop t th e  co n v en tio n  t h a t  . 
a  " b a s ic a l ly - p e r io d ic "  f u n c t io n  i s  .one w ith  2îÇ and 2 iK ’ each.
. a s  a  p e r io d  o r  " a n t i - p e r i o d " , i . e .
i. f ( z  + 2K) = ± f ( z )  , ( l a )
. , ' ; f ( z + 2 Î K ' )  = i  f  ( z )  , ( lb ) '
: SO t h a t  a  b a s i c a l l y - p e r io d i c  fu n c t io n  alw ays h a s . th e  p e r io d s  
4K ,4iK ‘. and may have th e  sm a lle r  p e r io d s  2E ,2iK *. / I n  t h i s
s e c t io n  we s h a l l ,  p ro v e  th e  fo llo w in g  theorem : :
Theorem I
. L e t f ( z )  be  e i t h e r  even o r  odd and s in g le -v a lu e d  i n  th e  
: e n t i r e  z -p la n e . Then f  (z )  i s  b a s ic  a l l y - p e r io d i c  w ith  
: s i n g u l a r i t i e s  on ly : a t  z .= iK* (mod 2K ,2iH ‘ ) i f  and o n ly  i f
i t  can  b e  e x p re ssed ' i n  th e  form  ' .
?where u. = sn  z , G(u) is:, an i n t e g r a l  fu n c t io n  o f u  and 
p,a,T ='0  or 1.
P ro o f : Pbe ' " i f ! ' p a r t  o f th e  theorem  fo llo w s  im m ed ia te ly ,
from  th e  o b s e rv a t io n  t h a t  ( l )  h a s  th e  form  
sn fz  cn^z dn'^z G (sn^z) and p ,a ,T . = 0 o r 1 . To e s t a b l i s h  
;th e  "o n ly  i f "  p a r t  we p ro ce ed  a s  fo l lo w s . Suppose t h a t  
f ( z )  becom es P (u ) a f t e r  appljdlng th e  s u b s t i t u t i o n  u  = sn^z* 
Œhe o n ly  n o n -c o n fo rm a li t ie s  o f t h i s  t r a n s fo rm a tio n  a re  a t  
th e  p o in ts  where z = 0 , o r  z = K, o r  z = h  + i h ’
(mod 2K ,2iK *)î a t. w hich r e s p e c t iv e ly  u = 0 , 1 , By 
d e f i n i t i o n  th e  f u n c t io n  f ( z )  h a s  no s i n g u l a r i t i e s  i n  a 
fundam en ta l p e r io d  p a ra l le lo g ra m , ^  say , w hich h a s  , v e r t i c e s
a t  -IC,K,K-i*2iK^ ,»"K+2iK*, o th e r  th a n  a t  .z = iK* and i s
*u n a l te r e d  b y  a  c i r c u i t  abou t any one o f  th e  p o in ts  z = 0 , 
z = IC, o r z ~ K + i K ' . . However, a  c i r c u i t  about, z = 0
becomes, a  doub le  c i r c u i t  abou t u  = 0 i n  th e  same se n se . ,
S ince  f ( z )  i s  u n a l te r e d  b y  a  c i r c u i t  abou t z = 0 , P (u ) i s  
u n a l te r e d  by  a  doub le  c i r c u i t  abou t u  = 0 , so .th e  p o in t  
u  = 0 can b e , a t  m o st, a  b ra n c h  p o in t  o f P (u ) o f o rd e r  .
S im i la r ly  u  ?=■ 1 , u  = k  , can  b e , a t  m ost, b ran c h  p o in ts  o f
P (u ) o f o rd er. 7?. .
We s h a l l  f i r s t  ta k e  th e  s im p le s t  c a se , nam ely t h a t  in  
w hich f ( z )  i s  e v e n ,''- s in g le -v a lu e d  i n  th e  whole z -p la n e  w ith  
s i n g u l a r i t i e s  o n ly  a t  z = iE ’ (mod 2K ,2 iE ‘.) and. i s  p e r io d ic  
w ith  p e r io d s  2K,2iK* o ■ We s h a l l  show t h a t  P (u ) m ust th e n  
be  an i n t e g r a l  f u n c t io n  o f  u ,  i . e .  o f  th e  form  ( l ) .  w ith  
p = o = T = 0 . To do t h i s  we ob se rv e  f i r s t  t h a t  th e
m apping u = sn^z i s  o n e -to -o n e  from  ^  to  th e  whole u -p la n e .
pI f  u^ = sn  z th e n  any o th e r  p o in t  z^ such t h a t
H en ce fo rth  b y  a  c i r c u i t . abou t a* s i n g u l a r i t y  we w i l l  
im ply  a c i r c u i t  w hich encom passes t h a t  s i n g u l a r i t y  and no 
o th e r .  ■ ■ ■ ■
: : : ■' ■ : .  ■ ' ,  , 8 .
 ^ :; :sn 2 z i = , V: , ' ' (2 )
m ust have th e  form  . ' ■ .
'1" “ %o + 2hK + 2miK* , (5 )z-
f o r  some i n t e g r a l  m ,n . How f ( z ^ )  =, f ( z ^ ) ,  by  p e r i o d i c i t y ,  i  
and th u s  ;P(u), i s  s in g le -v a lu e d  i n  th e  whole u - p la n e . '
P (u ) canno t have s i n g u l a r i t i e s  ex cep t a t  0 ,1 ,k~ and th e s e  
can b e , a t  m ost, b ra n c h  p o in t s  o f o rd e r  But th e  s in g l e -
v a lu e d n e s s  o f P.(u) im p lie s  t h a t  i t  canno t have br'anch~po in t s  
o f t h i s  o rd e r  and hence  P (u ) h a s  no s i n g u l a r i t i e s  a t  
0 ,1 ,k ^ ^ . F (u ) h a s ,  t h e r e f o r e ,  no f i n i t e  s i n g u l a r i t i e s  and
m ust be  an i n t e g r a l  f u n c t io n  o f u .  '
Hext we c o n s id e r  th e  c a se  when f ( z )  i s  even , s in g le -  • 
v a lu e d  in  th e  whole z -p la n e  w ith  s i n g u l a r i t i e s  a t  z = iE*
(mod 2K ,2iK O  and h a s  p e r io d  2iK* , bu t, h a s  2K a s  an a n t i ­
p e r io d  in s te a d  o f a  p e r io d  ( i . e .  f ( z ^ 2 K )  = -  f ( z ) ) i  and
show t h a t  th e n  P (u ) h a s  th e  form  ( l )  w ith  p = 0, a = t = 1 , 
The m apping i s  s t i l l  o n e -to -o n e  from  5^ to  th e  whole u -p la n e  
b u t  i f  z^ i s  d e f in e d  a s  i n  e q u a tio n s  (2 ) and ( $ ) ,  th e n
f ( z i )  = ( - ) *  f(% o) , (4 )
and th u s  F (u ) i s  tw o -v a lu e d . ' One b ran ch  say  P ^ '^ \u )  i s  
. such . th a t
: : : , (5 a )
( \and th e  o th e r  b ra n c h , say  (u ) i s  such t h a t
= -  fCZg) . . , ; (5b)
.B efiiie; th e /f im c tio n :  E (u) a s  fo llo w s :
where we c o n s id e r , th e  hreoicbes of (1 -u )^  and ( l - k  u) ^ which 
a re . p o s i t i v e  when u =' 0 . We have to  show, th e r e f o r e ,  t h a t  
,'H(u) i s  an i n t e g r a l  fu n c t io n  o f u . , S ince f ( z ) ;  i s  even,
- (u ) is ,  a n a ly t i c  a t  u  -  0 , h u t  so i s  (1 -u )  ( l - k ^ u ) ^ . .
Hence H (u) i s  a n a ly t i c  a t  u  = 0 . A p a th , from • z to  z + 2E
/ p a r a l l e l  t o  th e  r e a l  a x is  becomes a  c o n to u r i n  th e  u -p la n e  /
' t h a t  can, be  deform ed in to , two c i r c u i t s ,  one abou t u  =, 1
n e g a t iv e ly ,  and one abou t u  = 0 n e g a t iv e ly  -  b ecau se  o f  t h e -
- s in g le -v a lu e d n e s s  o f f  (z )  we co u ld  c o n s id e r  any p a th  from 
>-z to  z + 2IC b u t f o r  conven ience  v/e have c o n s id e re d  one . 
p a r a l l e l  to  th e  r e a l  a x i s .  '
' S ince  f(z+2K ) = -  f , ( z ) ,  ta k in g  P ^ "^ \u ) round  a - c i r c u i t l y  
abou t u  = 1 and u  = 0 n o t  e n c lo s in g  k~^ m u l t ip l i e s  (u )
;. by  - 1 .  .. Talcing ( l - u )   ^ (1 -k  u ) ^  round  such a  c i r c u i t  , ' /  '
how ever , m u l t i p l i e s  t h i s  a ls o  by  1 and, hence H(u). i s :  ’ !
, u n a l te r e d  f o r  a c i r c u i t  ab o u t u  = 1 and u  = 0 . ' Prom th e  .
.above we, a lr e a d y  know t h a t  H(u) i s  a n a ly t ic  a t  u  == 0 and i t  
m u st, t h e r e f o r e ,  be  u n a l te r e d  b y  a  c i r c u i t  abou t u  = 1 . 
■How.H(u) canno t have a  p o le  a t  u  = 1 , f o r  t h i s  would im ply  , 
t h a t  P^ (u) had  a  p o le  a t  u = 1 w hich we know i s  im possib le*  
H(u) i s ' t h e r e f o r e  a n a ly t ic  a t  u  == 1 . ' ■
A p a th , from z, to  z 4- 2 iE ' becomes in  th e  u -p la n e ' a  jg)ath '. 
t h a t  can ' be  d e f ormed in to  one c i r c u i t  about u  = k ,
, n e g a t iv e ly ,  and one about, u  = 1 n e g a t iv e ly .  . . • 
f ( z )  =y.f (z  t  2iE^ ) a n d 'th u s  P^,' ''^(u) i s  u n a l te r e d ;b y  a c i r c u i t  ■
. . : 1 0 .
- _2 1 p 1 . 'abou t u  = k  and u  = 1 . ( l - u ) ^  ( l - k  u)^ i s  u n a l te r e d  by
a s im i la r  c i r c u i t  and th u s  H(u) i s  u n a l te r e d  b y  a  , c i r c u i t
abou t u  = k "  and u  = 1 . H(u) i s ,  t h e r e f o r e ,  u n a l te r e d  by  
' ' -2a c i r c u i t  abou t u  = k  o n ly , and fu r th e rm o re  i t  can n o t have
—2 / \ a  p o le  a t  u  = k  o th e rw ise  so would ( u ) * I t  i s ,
t h e r e f o r e ,  a n a ly t i c  a t  u  = k  • The o n ly  s i n g u l a r i t i e s  o f :
P^*^^(u) a re  a t  u  = .0 ,1  and k*”^ and so H(u) have no o th e r
f i n i t e  s i n g u l a r i t i e s .  C onsequen tly  H(u) m ust be  'an
i n t e g r a l  fu n c t io n  o f  u . P or th e  c a se  o f P ^ ~ \ u )  th e  p ro o f
i s  s im i l a r .  I n  b o th  c a s e s ,  f ( z )  m ust be e ^ ip re s s ib le  i n  th e
form  o f  e q u a tio n  ( l )  w ith  p = 0 , c = T 1 .
A lthough P (u ) was tw o -v a lu e d  i n  th e  u -p la n e  we cou ld
c o n s id e r  th e  p la n e  to  be  composed o f a  Eiemann s u r fa c e  o f
two s h e e ts  jo in e d  a lo n g  C l,k”*^] and th e n  P ( u ) - would be .
s in g le -v a lu e d  i n  t h i s  tw o -le a v e d  s u r f a c e .
In  o rd e r  to  com plete  th e  p ro o f  o f  Theorem I  we r e q u i r e
to  i n v e s t i g a t e  th e  s ix  rem a in in g  p o s s i b i l i t i e s  f o r  f ( z ) .  ;
I n  each  c a s e , how ever, th e  a n a ly s i s  i s  s im ila r  to  t h a t  j u s t
d e s c r ib e d  and p,o,T a re  0 o r  1 a s  n e c e s s a ry . In  w r i t in g
“1down th e  fu n c t io n  H(u) , th e  denom inato r c o n ta in s  u^  i f  f ( z )  
i s  odd, ( l - u ) ^  ( l - k ^ u ) ’i’ i f  2K i s  an a n t i - p e r io d  and 
u ^ ( l - u ) ^  i f ' 2 i K*  i s  an a n t i - p e r io d .  In  each  case  P (u ) i s ,  
tw o -v a lu ed  i n  th e  complex u -p la n e  and s in g le -v a lu e d  on a
2 - le a v e d  Eiemann s u r f a c e .
The e i ^ t  r e s u l t s  have b een  summarized i n  th e  fo llo w in g  
t a b l e  (T ab le  l )  and i n  each  c a se  we have in c lu d e d  n o t  o n ly  
th e  a p p ro p r ia te  v a lu e s  o f p , o ,T ,  b u t  a ls o  a Eiemsnn s u r fa c e  
o f t w o . s h e e ts  such  t h a t  P (u ) i s  s in g le -v a lu e d  i n  t h i s  
s u r f a c e .  Column A r e f e r s  to  th e  m u l t i n l i c a t iv e  f a c t o r  on
11.
r e p la c in g ' s  by  -  z , i . e .  . th e  e n tr y  1^  means t h a t  f  (z )  i s  an 
even f u n c t io n ,  w h ile  -1  means t h a t  f  (z )  i s  an odd f u n c t io n .  , 
C le a r ly  i t  i s  a ls o  th e  p a th  f a c t o r  f o r  a  c i r c u i t '  about u  -  0< 
Column B d e n o te s  th e  p e r i o d i c i t y  o f f ( z )  f o r  an in c re a s e  i n ,  
z o f 2K -  i . e .  e n tr y  1 in d ic a t e s  f ( z )  h a s  p e r io d  2E 'w hereas 
-1  im p lie s  p e r io d  4-E. I t  i s  a ls o  th e  p a th  f a c t o r  f o r  a 
c i r c u i t  i n  th e  u - p la n e . abou t u  = 1 and u  = 0 . L a s t ly ,  
Column 0 r e f e r s  to  th e  im ag in a ry  p e r io d  2iK* — e n try  1 
im p lie s  p e r io d  2iK* , e n try  -1  im p lie s  p e r io d  4 iE ' . . I n  th e
u -p la n e  t h i s  i s  th e  p a th  f a c t o r  f o r  a  c i r c u i t  about u  = k 
and u  = 1 .
-2
TABLE I
PimCTIOH TYPE Branchp o in ts EiemannS u rface P 0 TA B C
( i ) 1 1 1 Hone Hone 0 0 0
. ( i i ) -1 1 —1 0 ,11 [0 ,1 ] : 1 1 0
( i i i ) -1 -1 -1 0 ,k " 2 (-00 ,0 ], Ck“ ^,'» ) 1 0 1
( iv ) 1 -1 1 , l , k - 2 C l,k~^] 0 1 1
(v ) -1 -1 1 /O (-™ ,0] 1 0 0
( v i ) , 1 -1 —1 1 .C l,l+ i« ) 0 1 0
( v i i ) 1 1 -1 k~^ [k -2 ,= ) 0 0 1
( v i i i ) —1 1 1 0 ,1 , [O ,l],[k""^,oo) 1 1 1
* . - I n  t h i s  column th e  e n t r i e s  d en o te  th e  a r c s  a lo n g  which 
th e  Eiemann s u r fa c e  o f  W o -s h e e ts  i s  jo in e d .
. ^  h  ' /  y V i2 \
CHAPTER 2 •
A y D oubly-^e r io d ic  H i l l  E q u a tio n  : /' - • /,
2 .1  - ; D oubly '^periodio  H i l l  e q u a tio n
-:ln  th e  d o u h ly -p e r io d ic  H i l l  e q u a tio n  1 .1  (1^); §(;z) i s  an , 
even, f u n c t io n ,  d o u b ly -p e r io d io  (2K ,2 iK ‘ ) w ith  s i n g u l a r i t i e s  
o n ly  a t  z = iK* and c o n g ru e n t ,p o in ts  (mod 2K ,2iK *). Prom 
Theorem i  (§ 1*3) we obse rv e  t h a t  § (z ) can be w r i t t e n  i n  th e  
form  (zf(sn^z) where |zf(u) i s  an  i n t e g r a l  f u n c t i o n . o f u . I n  
e q u a tio n  ,1.1(13) th e  o r ig in  i s  an o rd in a ry  p o in t  and th e  
c h a r a c t e r i s t i c  e x p o n en ts  th e r e  a re  0 and 1 . There m ust 
e x i s t ,  t h e r e f o r e ,  an even s o lu t io n  w(z) , say , and, an. odd 
s o lu t io n  w'^  ( z ) , sa y , abou t z = 0 , where w (z ) 'an d . ,vi (z )  a re  
b o th  v a l i d  f o r  IzI < M u ltip ly in g  by  c o n s ta n ts  > /e■ can
make w (z) !and w (z )  s a t i s f y  th e  c o n d itio n s -  -.y.-i.:!.; - ,
; B efo re  p ro c e e d in g  to  e s t a b l i s h  some o f th e  p r o p e r t i e s  
; o f  th e . s o lu t io n s  w(z) and v* (z )  we need  to  adop t some 
co n v en tio n  a s  to  th e  a n a ly t i c  c o n t in u a t io n  o f th e s e  .1'' ...
• s o lu t io n s  o u ts id e  th e  r e g io n  Iz! < E ' , s in c e  i n  g e n e ra l t h i s  
c o n tin u a t io n  w il l ,  n o t  b e  s in g le -v a lu e d  th ro u g h o u t th e  
z -p la n e .  . . We in tro d u c e  in to  th e  z -p la n e  a s e r i e s  o f c u ts  
from: z 2rE  t  iE ’ ' t o  2rK -i* i ^  and from z = 2rE  -  iE* to  
' 2rE  -  i"», -where r  ' = 0 , ±1, i 2 ,  . ***- i . e .  .e a c h  c u t i s  , 
p a r a l l e l  ' to  . th e  im ag in a ry  a x is  and p a s s e s  th ro u g h  a;. chairL' o f
s i n g u l a r i t i e s  o f  1.1(13) .  The a n a ly t i c  c o n tin u a t io n  from
s to  z + a ,  where a  may he any complex num ber, i s  d e f in e d  to
be  th e  c o n tin u a t io n  a lo n g  a  p a th  w hich does n o t  c ro s s  a c u t .
I n  th e  s p e c ia l  c a se  where z i s  of the . form i)3 + 2sK where (3
i s  r e a l  and s i n t e g r a l ,  th e  c o n tin u a t io n  from i p  4- 2sK to
i ( P  4- 2E' ) 2sK i s  d e f in e d  a s  c o n tin u a t io n  b y  a  s t r a i g h t
p a th  in d e n te d  such  a s  to  le a v e  th e  s i n g u l a r i t y  on th e  l e f t
a s  th e  p a th  i s  d e s c r ib e d  ( o r ,  o f  c o u rs e , any p a th 'w h ic h  can
be deform ed i n to  t h i s  w ith o u t c ro s s in g  a  c u t  o r  p a s s in g
th ro u g h  a  s i n g u l a r i t y .  ' P o r c o n tin u a t io n  from  ip -h2sK  to  
/i ( p -  2h) + 2sK we le a v e  th e  s i n g u l a r i t y  on th e  r i g h t  a s  th e  
p a th  i s  d e s c r ib e d . We can n o t now encompass any o f  th e  
s i n g u l a r i t i e s  o f 1 .1 (1 3 )  and hence  th e  a n a ly t ic  c o n t in u a t io n ,  
w i l l  b e  s in g le -v a lu e d , th ro u g h o u t th e  c u t  z -p la h e .  ;
2 .2  P a r i t y  o f w (z ) , w (z )  th ro u g h o u t th e  c u t p la n e  .
L e t w(z) b e  a f u n c t io n  d e f in e d  in  th e , ne ighbourhood  o f ,
z and l e t  i t s  a n a ly t i c  c o n tin u a t io n  from  th e  neighbourhood
A/ .o f z to  th e  neighbourhood  o f - z  i n  th e  c u t p la n e  be  w (z ) .
AThen i f  w(z) = w(z) f o r  a l l  z we say  w(z) i s  even in  th e
Ac u t p la n e  and i f  w (z) -  -w (z ) ,  we say  w(z) i s  odd. I f  w (z) 
i s  d e f in e d  by  i t s  s e r i e s  expansion  w ith in  th e  r e g io n  
Iz î < E ' and by  a n a ly t i c  c o n tin u a t io n  i n  th e  c u t  p la n e  ■
(§ 2 .1 )  " o u ts id e , th e n  s in c e  th e  a n a ly t ic  c o n tin u a t io n  i s  
■ s in g le -v a lu e d  th ro u g h o u t th e  z -p la n e  and th e  d i f f e r e n t i a l  
e q u a tio n  1 .1 (1 3 )  i s  even , i f  w (z) i s  even w ith in  iz l < 
i t  w i l l  be even th ro u g lio u t th e  c u t p la n e . S im i la r ly  i f  
w^(z) i s  odd w ith in  Iz l < K ' . i t  w i l l  be odd th ro u g h o u t th e  
c u t  p la n e .  . . .
1 4 .
2 .3  P r o p e r t ie s  o f s o lu t io n s  ■
In  th e  c a se  o f th e  s in g ly - p e r io d ic  H i l l  e q u a tio n  th e  
even and odd s o lu t io n s  s a t i s f y  a  number o f p r o p e r t i e s  .
i ■( [ 4  ] p .  142) and i n  t h i s  p a ra g ra p h  I  s h a l l  ex ten d  th e s e  ; 
r e s u l t s  to  th e  d o u b ly -p e r io d ic  H i l l  e q u a tio n .
Theorem I I
The d o u b ly -p e r io d ic  H i l l  e q u a tio n
2 4- g(z)w = 0 , ( l )dz^
where § (z) i s  an  ev en • fu n c t io n  o f  z , d o u b ly -p e r io d ic  
(p e r io d s  2K,2iK*) w hich o n ly  h a s  s i n g u l a r i t i e s  a t  z = iK* 
and co n g ru en t p o in t s  (mod 2 E ,2 iE * ), alw ays p o s s e s s e s  two 
s o lu t io n s  w ^(z) and W2( z ) ,  sa y , such  t h a t
(a )  Wg^(z) i s  even and Wg(z) i s  odd,
« I '(b ) W-, (o ) = Wg (o ) = 1 ; W-, (o ) = Wg(o) = 0 ,
S I(c )  V7^(z)w2 (z )  -  #2(2)#^  (z )  = 1 ,
(d ) ( i )  v;^(z±2nE) = w^(2hE)v7^(z) ± (2nE)w2(z )  , . ;
( i i )  w^(z±2miE*) = v/^(2miK* )w^^(z) i  w  ^ (2n iK ’ )w2(z )  ,
(e )  ( i )  W2(z±2nl0 = ± W2(2nE)w ^(z) -i- Wg (2nE)w2(z )  ,
( i i )  W2(z±2miKO = ± W2(2miE’ )v?^(z) + Wg (2miE^ )w2(z )  ,
( f )  ( i )  Wi(2nE) = W 2'(2nE) ,
( i i )  W i(2m iE ') = Wg (2 m iE ') .
Wn(z) and #2(2) a re  d e f in e d  by  t h e i r  s e r i e s  - e3q>snsion w ith in
Izl < K* a n d -b y ,a n a ly t ic ,  c o n tin u a t io n  in  th e  c u t  z -p la n e  . 
(§ 2 .1 )  o u ts id e .  .n  and m a re  any in te g e r s .
P ro o f :  \  _• , .■
(a )  and (b ) have a lr e a d y  b een  e s ta b l is h e d  i n  §§ 2 .1 ,  2 ,2 . .
.(c )  i s  m ere ly  a  consequence o f th e  Abel i d e n t i t y  ( In c e  [11] 
p .  7 5 ); s in c e  th e  d o u b ly -p e r io d ic  H i l l  e q u a tio n  h a s  no 
term , i n  we o b ta in  im m ed ia te ly  t h a t
w^(z)w2 ( z ) - W 2(z)w ^ (z )  = C onstan t
: . - . : . ' - . , , - , V ; . :=  w^(o)w2 ( o ) - w ^  (o)w2(o ) = 1 . '
. . . -  ^ - (2 )
To p ro v e  ( d ) ( i )  we o b se rv e  t h a t  w^(z+2nE) i s  a ls o  a  s o lu t io n  
o f  e q u a tio n  ( l )  and b y  a n a ly t i c  c o n tin u a t io n  i n  th e  c u t  p la n e  
back  to  th e  r e g io n  Iz l < E * ,  w^(z+2hK) i s  a  l i n e a r  
com b ina tion  o f w ^(z) and W2( z ) .  L e t th e  r e l a t i o n s h ip  be
w^(z + 2nl0 = ow^(z) 4* Pw2(z )  , (3 )
hence
-, , - , ' : ' ' w^  (z  4- 2nE) = aw  ^ (z )  4* Pwg (z )  . (4 )
' L e t t in g  z = O' i n  each  e q u a tio n  g iv e s  im m ed ia te ly
■Î ' .a = V7^ (2hK:) ; p = W2 (2nE) . , (5a,b)
The r e l a t i o n  in v o lv in g  w ^ (z -2 n K ) can  be  deduced upon 
r e c a l l i n g  t h a t  w ^(z) and #2(2) a re  even and odd fu n c t io n s  . 
r e s p e c t iv e ly  i n  th e  e n t i r e  c u t  z -p la n e  (§ 2 .2 ) .  ( d ) ( i )  i s
' '  16 .
th e r e f o r e  p ro v ed . The rem a in in g  th r e e  r e l a t i o n s  v i z .
( d ) ( i i ) ,  ( e ) ( i )  and ( i i )  can a ls o  be  v e r i f i e d  i n  a  s im ila r  
m anner. ..
, I n  o rd e r  to  p ro v e  ( f ) ( i )  we s e t  = 2nE in  ( d ) ( i )  and
( e ) ( i ) ,  ( ta lc in g  th e  low er s ig n )  and ( c ) , o b ta in in g  -
. ]^  -  (2nX)wg(2nE) = 1 , (6 )
, W3_(2nK)w2(2nE) ~ vi2 (2oK)w2(2nE) = 0 , .  ( ? )
and
•W3^(2nlOw2'(2nK)-W;i_'C2iiE;)w2(2nK). = 1 . ( 8 ) '
Prom e q u a tio n  (? )  we have Wg(?nE) = 0 o r  v7^(2nE) = Wp (2nK ),
b u t  i f  W2(2hE) =. 0 e q u a tio n s  (6 ) and (8 ) red u c e  to
Cw3^ (2nK)]2 = 1 , xfj (^2nX)w '^(2nS) = 1 , (9 )
tand so we s t i l l  f in d  t h a t  w^(2hK) = 2^ (2nK) a s  r e q u ir e d .
( f  ) ( i i )  i s  a ls o  p ro v ed  s im i la r ly .
Theorem I I  h a s ,  t h e r e f o r e ,  been  c o m p le te ly  p ro v ed . 
R e fe r r in g  to  th e  r e s u l t s  o b ta in e d  f o r  t h e  s in g ly - p e r io d ic  
H i l l  e q u a tio n  ( [  4  ] p. 142) we ob se rv e  t h a t  t h e  r e s u l t s  
g iv en  above a re  s im i la r  save f o r  e^ctra e q u a tio n s  o f th e  ty p e
( d ) ,  (e )  and ( f )  a s  m igh t be  ex p ec ted  by  th e  in c lu s io n  o f a 
second in d ep en d en t p e r io d .
• ■ w  - '
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2 .41  H ire  e -p o in t  'boim dary c o n d it io n s  in c lu d in g = O'
• T able I I  g iv e s  th e  e q u iv a le n c e  betw een th e  p e r i o d i c i t y  
and th r e e - p o in t  boundary  c o n d it io n s  f o r  a s o lu t io n  o f th e  • 
d o u b ly -p e r io d ic  H i l l  e q u a tio n  1*1(15) w (z ) , sa y , which i s  
d e f in e d  by  i t s  s e r i e s  expansion  f o r  Iz l < E* and b y  i t s  
a n a ly t i c  c o n tin u a t io n  i n  th e  c u t  p la n e  o u ts id e  t h a t  re g io n , 
n  and m a re  i n t e g e r s .
P a r i t y  o f ■ w(z)
( i )  Even
( i i )  ; ' Odd.
( i i i ) .  Odd
( iv )  ; Even
(v) Odd
( v i )  .Even.
( v i i )  Even
( v i i i )  Odd
TABLE I I
P e r i o d i c i t yo f w (z) T h re e -p o in t boundary  c o n d it io n s
' 2hK,2imE* ' w (o ) = w (nh) = w (nK-himhO = 0
2hK,4MiK!. w(o) = w(nE) = w (nE+imE*) = 0
4nE','4imE^ w(o) = w*(nE) = w(nE+imE*) = 0 .
■- 4nE,2imE^ w (o ) = w(nE) = w(nE4-imE* ) = 0
4nK,2imE* w(o) = w (hE) = w (hEC+imE* ) = 0
Î ;4nE,4imE* w (o ) = w(nE) = w (nE-i-imE’ ) = 0
i * 1. 2nE,4imE* . w (o ) = w (hE) = w(nE+imE*,) = 0
2nK,2imE' ■ w(o) = w(nE) = w(nE'+imE'-) = 0.
I f  n  i s  even th e n  m m ust be  even, o th e rw ise  we a re  
d e f in in g  w (z) a t  a s i n g u l a r i t y  o f  th e  e q u a tio n . I f  n  i s  an 
odd in te g e r  t h e n ,c l e a r l y  m can be e i t h e r  even o r  odd.
I  s h a l l  o n ly  p ro v e  th e  e q u iv a le n c e  o f r e l a t i o n s  ( l ) , nam ely, 
w (z) i s  an even and d o u b ly -p e r io d ic  (2nE ,2m iE 0  s o lu t io n  o f 
e q u a tio n  1*1 (15) , '
% 18.
w (d) -  w (ïiE) = w (nE^-imE* ) = 0 , ( I )
b u t  th e  p roofs f o r  th e  rem a in in g  seven  r e l a t i o n s  a re  s im i la r .
I n i t i a l l y  we s h a l l  assume t h a t  w(z) s a t i s f i e s  th e  
fo llo w in g  c o n d it io n s  i . e .
w (o ) =' w (nE) = w (nE*i*imEO = 0 .
S ince  w (z) s a t i s f i e s  e q u a tio n  1 .1 (1 5 )  f o r  Iz! < E* i t  i s  
e x p re s s ib le  l i n e a r l y  i n  te rm s o f and W2( z ) . ' Suppose
we have ,• ' ' d
w(a )  = Aw. (z )  -f Bwg(z) 5 (2 )
and th e r e f o r e
*. . I , . Iw
*
(z )  = Aw. (z )  + Bwg (z )  . (5 )
However, w (o ) -  0 and so we have im m ed ia te ly  t h a t  w(z) i s  
even . S ince w(o) /  0 we can  f o r  conven ience  c o n s id e r  t h a t  
w(o) = 1 . From p r o p e r ty  ( d ) ( i )  (Theorem I I )  i f  v/2(z )  i s  
an odd . s o l u t i o n ' o f 1 .1 (1 5 )  we have t h a t  ;
■ I- w(z-2nE) = w(2nE)w(z) -  w (2nE)w 2(z) , . (4 )
and th u s
w (z-2nE ) = w(2nE)w (z )  -  w (2nE)w2 (z )  . ■ (5 )
t  . ■ ;How w (nE) = 0 and s in c e  w (z) i s  even , w (z )  i s  odd and 
v; (-n iO  -  0 . S e t t in g  z = n l  in. e q u a tio n  (5 ) we o b ta in
w'C2nS)wo‘ (riE) = 0 . (6 )
, ' ■ . ■ ' ■ ■ V' ' :
P u t t in g  z ~ nE i n  p r o p e r ty  (c )
» ' ' wCnEjwg (hE) = 1 , C7)
Î •hence (nE) /  0 and c o n se q u e n tly  from  e q u a tio n  (6 ) , 
w (2nE) = 0 . . S u b s t i tu t in g  back  in to  (4 )
■ w (z-2nE) = w(2nE)w(z) . (8 )
P u t t in g  z = nE
w(-nK ) = w(2nE)w(nE) . (9 )
However, w(z) i s  even and. w(nE) /  0 , by  e q u a tio n  ( 7 ) ,  
th e r e f o r e
w(2nE) .= 1 . (10)
Thus i f  w(z) s a t i s f i e s  th e  d i f f e r e n t i a l  e q u a tio n  1 .1 (1 5 )  and
I ,w (o ) = w (nE) = 0 , , ( l l )
th e n  w (z) i s  even and p e r io d i c ,  p e r io d  2nE, i . e .  :
• w (z-2nE) = w(z) * (12)
•E quation (12) w ith  z = nE 4-imE* g iv e s ,  a f t e r  d i f f e r e n t i a t i n g ,  
t h a t  : '■ ■
w (nE4-imE' ) = w (-nE4-imE‘ )
' . A  . . , = -  w (nE-imE* ) , (15)
'  . ' : ' ' • •  '  ' :s in c e 'w (z )  i s  even and th e r e f o r e  w (z )  i s  odd. y
Prom p ro p e r ty  ( d ) ( i i )  (Theorem I I )  -  w ith  w (z) a s  th e  even '
2 0 .
s o lu t io n  o f 1.1(15) we have
w( z -  2m iE ') = w(2miE*)w(z) -  w (2m iE ')w2(z )  » ' . (14)
and
I V .  t , ,  Ï . (w (z  -  2miE*) =• w(2miK*)w (z )  -  w (2miE^)wg (z )  . (15)
P u t z = nK + imE* ,
w‘ (nK -  img: ) = w(2miK^ )w* (nE + imE' ) -  w‘ (2niE* )
W2*(nE + imIC) (16)
However w (n E -î* imE* ) = 0 ,  so h y  ( I5) w (n E -im E O  = 0 and 
(16) becom es ' '
w (2m iE‘ )wg (nE 4- imE* ) = 0 . ‘ (1 ?)
By (c )  (Theorem l l ) ,  , ,E . •
■ ' ' ' E  ,• w (nE4.im E ')w2 (nE 4- imEO' = 1 , ■ (18)
■ ■ . t ■ .hence w(nE + imE' ) /  0 , Wg (nE 4- imE* ) /  0 . , Then (1?) g iv e s
w (2m iE‘ ) = 0 , (19)
w hich re d u c e s  (14) to
w( z - 2 mi E* )  = w(2miE*)w(z) . (20)
P u t t in g  z = nE 4- imE' i n  t h i s  e q u a tio n  end r e f e r r i n g  to  (18)
we have ( s in c e  w( z)  i s  even and h a s  p e r io d  2nE) ■
w(2miE:). = 1 , . /  (21)
' : ' V.:  \  ' :  . .  \ - E  : ' 2 1 . .
and . '
, . w ( z ~2miE*) = ' w( z)  , , ( 22)
i . e .  w(z) h a s  im a g in a ry  p e r io d  2miK* , Hence, i f  
w (o ) = w (hE) = w (hE 4- imE' ) = 0 , th e n  w(z) i s  an even 
s o lu t io n  o f th e  d o u b ly -p e r io d ic  H i l l  e q u a tio n  1 .1 (1 5 )  w ith  
p e r io d s  2hE, 2miE* . . . We w i l l  now p ro v e  th e  s ta te m e n t i n  th e
o p p o s ite  d i r e c t i o n 5‘ nam ely w(z) even w ith  p e r io d s ,
2hE, 2miE* =» w (0)"=  w (nE) = w (nE -i- imE^ ) = 0 .
w (z ) 'a n  even s o lu t io n  o f 1.1(15) g iv e s  im m ed ia te ly  t h a t  ' .
w (6 ) = 0 . (23)
A lso s in c e  w (z) h a s  p e r io d s  2nEj 2miE* we have t h a t  ,
w (z) = w(z 4- 2hE) = w(z 4- 2nE 4- 2miEO = w (-z ) , . (24)
jn x l /
w ( z )  = w (z  4- 2nE) = w (z  + 2nE 4-2miE‘ ) -  -  w ( - z ) .  (25)
I f  z = -  nE i n  (25) th e n  . .
w ( - n E )  =' w (nE) = -  w (nE) , (26).
hence w (nE) = 0 . (2 ? )
S u b s t i tu t in g  z = -  n E -  imE* in to  e q u a tio n  (25) g iv e s
■ w ( -  nE -  imE* ) . =. .. w. (nE 4- imE* )
■ -  w (nE 4- imE* ) ,  (28)
and th e r e f o r e  ’
w '(nE  + imE*) =. 0 . (29)
. . 2 2 .
E q u a tio n s  (2 3 ) , (2 ? ) and (29) a re  th e  r e q u ir e d  boundary  
c o n d it io n s  and p ro v e  th e  .eq u iv a len ce  o f ( l )  i n  th e  o p p o s ite  
d i r e c t i o n .  As rem arked  i n i t i a l l y ,  th e  above a n a ly s i s  h a s  
o n ly  proved  th e  f i r s t  r e s u l t  l i s t e d  in , Table I I  b u t  th e  
rem a in in g  seven  s ta te m e n ts  can be j u s t i f i e d  a long; s im i la r  
l i n e s .
* ' . ■
2 .4 2  Symmetric th r e e - p o in t  boundary  c o n d it io n s
I f  th e  boundary  c o n d it io n  d e f in e d  a t  th e  o r ig in ,  z = 0 , 
i s  r e p la c e d  b y  a  sym m etric c o n d it io n  -  i . e .  th e  th r e e  
boundary  c o n d it io n s  become o f th e  form  - ,
( ~nK) = wCnE) = w(nK + imiC') = 0 , CD
th e n  T able I I  ta lces  on a  s l i g h t l y  d i f f e r e n t  fo rm a t. The 
m o d if ie d  t a b l e  (T ab le  I I I )  i s  g iv en  below and can  b e  e a s i l y  
p ro v ed  by  e x p re s s in g  w(z) a s  a  l i n e a r  com b ination  o f th e  
even and odd s o lu t io n s ,  w^(z) and ^'/^(z)? r e s p e c t iv e ly ,  
u s in g  th e  two sym m etric boundary  c o n d it io n s ,  th e  Abel ' 
i d e n t i t y  - p r o p e r t y  ( c ) , Theorem I I ,  —, and r e f e r r i n g  to  
T able I I .  I t  m ust be  n o te d  t h a t  b ecau se  th e r e  a re  two 
a l t e r n a t i v e s  f o r  each s ta te m e n t g iv en  in  T able  I I I  th e  ' 
im p l ic a t io n  i s  o n ly  from  l e f t  to  r i g h t .
TABLE I I I
2 3 .
Symmetric Boundary C o n d itio n s  '=> form  o f S o lu tio n  o f w(z)
P a r i t y P e r io d s
w (nE) = w(-nE) -  V7(hE+iTnK’ ) = 0 Eveno rOdd
4nE, 2miE*
2nE, 2miE'
w (nE) = w(-nE) = w (nE+imE* ) = 0 Eveno rOdd
4nE,
2nE,
4miE'
4miE*
J 1w (nE) = w (-niC) = w(nE+imE*) = 0 Eiren o r Odd ,
2nE,
4nE,
4miE‘
4miK’
w (+nE) =. w (~nE) = w (iiE+imE*) = 0 Eveno rOdd
2nE,
4nE,
2miE^
2miE'.
w(nE) =: w(nE+imE* ) -  w(-nE-imE* ) = 0 Even : o r  Odd
4nE,
2nE,
2miE'
2miE*
w(nE) = w (nE+imK* ) = w (-nK-imE* ) = 0 Eveno rOdd
4nE,
2nE,
4miE'
4miE*
w (nE) -  w(nE+imE* ) = w(-nE-imE* ) = 0 Even 2nE, .4miE*Oj?Odd 4nE, 4mi}C
w (nE) = w (nE+imE* ) = w, (-iiE-imE* ) = 0 Eveno rOdd
2nE,
4nE,
2miE'
2miE'
2.31 H erm it e Hie o r y  in. th e  z -p la n e  [ 9 3 ' ,
H ie ,H erm ite  th e o ry  a p p l ie s  to  th e  c ase  i n  w h ich -th e  , 
g e n e ra l  s o lu t io n  o f  1 -1 (1 3 ) i s  un ifo rm  th ro u g h o u t th e  e n t i r e  
z -p la n e -  Hie a n a ly s i s  a c t u a l l y  p rec ed e d  and p o s s ib ly
2 4 .
suggested , th e  s i ia p le r  P lo q u e t th e o ry  o f s in g ly - p e r io d ic  
e q u a t io n s . H erm ite*s argum ent a s  a p p lie d  to  the, d o u b ly - 
p e r io d ic  d i f f e r e n t i a l  e q u a tio n  w i l l  be r e p e a te d  h e re ,  p a r t l y  
f o r  co m p le ten ess h u t  more p a r t i c u l a r l y  b ecau se  th e  o r te n s io n  
o f th e  a n a ly s is  ini;,© th e  u -p la n e  (u  = sn^z) can  be c l e ^ l y  . 
s e e n : (§ 2 .3 2 ) and a ls o  b ecau se  i t  can  be  a p p lie d  w ith  
m o d if ic a t io n s  to  o th e r  c a s e s .  (§ 4 .6 )
By th e  o rd in a ry  P lo q u e t th e o ry  f o r  s in g ly - p e r io d ic  
e q u a tio n s  1 8 ]  ( r e g a rd in g  1 .1 (1 5 )  f o r  th e  moment a s  a  
s in g ly - p e r io d ic  e q u a tio n  w ith  r e a l  p e r io d  2K ), th e r e  alw ays 
e x i s t s  a m u l t i p l i c a t i v e  s o lu t io n  u (z )  a n a ly t ic  th ro u g h o u t 
th e  s t r i p  1 Im z I < E* , i . e .  s u c h ,th a t
u (z + 2 K ) = s u (z )  , , ',  ( l )
f o r  some a p p r o p r ia te ly  chosen  c o n s ta n t s .  u (z )  can be 
: c o n tin u e d  th ro u g h  th e  e n t i r e  z -p la n e  "and i s  u n ifo rm  by 
h y p o th e s is .  , L e t u ‘‘(z )  be  d e f in e d  by
u* (z )  = ,u (z  4- 2iE* ) . (2 )
I f  u" (z )  i s  a  c o n s ta n t  m u lt ip le  o f u ( z ) ,  say  u * (z )  = s u ( z ) ,  
th e n  u (z )  i s  a  d o u b ly - m u l t ip l ic a t iv e  s o lu t io n  and th e r e  i s  
n o th in g  more to  p ro v e . , I f ,  how ever, u " (z )  i s  n o t  a 
m u lt ip le ,  o f u (z )  , i t  i s  th e n  l i n e a r l y  in d ep en d en t o f u ( z ) ,  
and th e . g e n e ra l  s o lu t io n  o f 1.1(15) i s  o f th e  form .
v (z )  ,= c u (z )  -5- c V ( z )  . (5 )
Hovj c o n s id e r  .v (z  4-2K) . ’ We have
■ ; : ,  , 25 .
v (z  f  2E) = cu (z  + 2K) 4- (z  + 2E) . ; .
= c s u (z )  4- c ' u ({z  4* 2K) 4 - 2iE* )
=  c s u ( z )  4- c ' ' u ( { z  4* 2 i E *  }  +  2 K )
( s in c e  u (z )  i s  uniform ')
=  c s u ( z )  4- C S U ^ ( z )
= sv (z )  - (4 )
How s in c e  #(z 4- 2iE* ) = $ ( z ) ,  n ^ ( z + 2 iE * )  i s  a  s o lu t io n  o f th e  
d i f f e r e n t i a l  e q u a tio n  and b ecau se  o f th e  assumed u n ifo rm ity , 
o f th e  g e n e ra l  s o lu t io n  th ro u g h o u t th e  e n t i r e  z -p lo n e  i s  
e x p re s s ib le  u n iq u e ly  a s  a l i n e a r  com bination  o f  u ( z ) , u* (z )  
say ,-.
,  ^ . u ‘‘' ( z  >2- 2 i E *  )  =  a u ( z )  4- a  V  ( z )  .  . (5 )
Then we have •
v ( z  4- 2 i E *  ) c u ( z + 2 i E * )  + c*u*(z 4.21E*)
~ c* au (z ) 4- (c  + G *d*)u*(z) . (6 )
We s h a l l ,  t h e r e f o r e ,  have v (z  4- 2iE* ) .= s v (z )  i f  and o n ly  i f
\ ts c  = c*a , 8 c* = c 4- c* a * ,
i . e .  c c -  ac* = 0 , (7a)
.c + ( a * - s ') c *  = 0 , .  .(7 b )
and i t  w i l l  be  p o s s ib l e . t o  choose c and c'^  n o n - t r i v i a l l y  to
y  2 6 .
satisfy these equations if and only if
*, * As Cog -s ; + a , =: 0 5
i* ^  s ’ - a- = 0 . . (8)
I f  s ’ i s  chosen  to  be  a  r o o t  o f t h i s  e q u a tio n  th e  s o lu t io n  
v (z ) , can  be  c o n s tru c te d  so t h a t '
v ( z + 2 i E ’ ) = s ’v (z )  . (9);
E q u a tio n s  (4 ) and (9 ) c l e a r l y  i n d ic a te  t h a t  v (z )  i s  d o ub ly - 
m u l t i p l i c a t i v e  (2E , 2iE*)o
I t  i s  w orth  n o t in g  t h a t  b ecau se  1 .1 (1 5 )  i s  a  s p e c ia l  
c ase  o f H i l l ’ s e q u a tio n  we can show t h a t  th e  e q u a tio n  to  
d e te rm in e  s i s  o f  th e  form  . . .
s2 2As + 1 = 0 , (10)
(from , 1 .2 ( 2 a ) )  so t h a t  i f  s i s  a  r o o t  so i s  sT^.
S im ila r ly  th e  e q u a tio n  to  d e te rm in e  s ’ i s  o f th e  form
s '2  ». 2 A 's ' + 1 = 0 . (11)
E q u a tio n s  (8 ) and (11 ) im ply  t h a t  th e  c o n s ta n t  cc = -1  and 
we s h a l l  now show d i r e c t l y  t h a t  t h i s  i s ,  i n  f a c t ,  th e  c a s e . 
;Erom e q u a tio n  (5 )
u (z  4- 4 iE ’ ) = a u (z )  4- a* u (z  4- 2 iE ’ ) , (12)
and hence
u ’ (z '+ 4 iK ’ ), : a u ’ (z )  + a'^u* (z  4 - 2 iE ’ ) . ( ip )
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M u lt ip ly in g  by  u ' (z  + 2iK* ) and u (z  + 2xE’ ) and s u b t r a c t in g  
we o b ta in
u (z  4-4 iK ’ ) u ‘ (z'I-2iK* ) -  u* (z  + 4 iK ‘ )u (z  4- 2iE* )
' = ' a { u ( z ) u ’ (z-i-2iK* ) -  u ’ ( z )u (z  4> 2iK*')} ,
i  I» 0 e u (z + 4 iK ')  u (z + 2 iE ')
'u '(2 + 4 iK ')  u '( z + 2 iK ')
= —a u(z4-2iE*) u (z )  
u ’ (z4-2iK’ ) u ’ (z )
,(1 4 )
w hich -can be  e x p re sse d  a s  1
¥{u(z-!-4iK’ ) ,u(z4-2iK ’ )} ; = - a  ¥{u(z4-2iK’ ) ,u (z )}  . (15)
How b y  th e  Abel i d e n t i t y  ¥{u(z4-2iE ’ ) ,u (z )}  = c o n s t = k ( s a y ) , 
and th u s  '
■ k  = ■ -  ock . ' (16)
However, ¥  /  0 s in c e  u (z ) ,u (z + 2 iK ’ ) a re  l i n e a r l y  independent" 
by  h y p o th e s is  and hence  a  = * -l .
2.52 H erm ite  a n a ly s i s  in  th e  u -p la n e
• 2"Onder th e  t r a n s fo rm a tio n  u  = sn z th e  d i f f e r e n t i a l
e q u a tio n  1.1(15) becom es
,4 u (l—u) (l-k ^u )-——4  4* 2{5k^u^ — 2(l4-k^)u4-l}4~ 4- (z((u)w = 0 ,
( h r  .. .
where ^ (u ) i s  an i n t e g r a l  fu n c t io n  o f u . H iis  ' e q u a tio n  h a s
-2r e g u la r  s i n g u l a r i t i e s  a t  u  = 0 ,1  and k whose exponen ts a re  
0 and ^  and a s i n g u l a r i t y  a t  u = ^  which i s  i n  g e n e ra l
2 8 .
i r r e g u l a r .  H a tu r a l ly  th e  H erm ite th e o ry  i n  th e  z -p la n e
h a s  i t s  c o im te rp a r t  i n  th e  u - p la a e ,  which c o u ld  be deduced
from  th e  a p p ro p r ia te  t r a n s fo rm a tio n ,  b u t  in  t h i s  p a ra g rap h
we o b ta in  th e  r e s u l t  by  a  d i r e c t  a n a ly s i s .
The c o n d it io n  t h a t  g e n e ra l  s o lu t io n  i s  un ifo rm  in  the-
z -p la n e  i s  r e p la c e d  b y  th e  c o n d it io n  t h a t  th e  g e n e ra l
s o lu t io n  i s  u n a f f e c te d  b y  a  doub le  c i r c u i t  abou t ’ i n f i n i t y '
i n  .the  u -p la n e . Throughout t h i s  p a ra g ra p h  we s h a l l  adop t ■.
th e  c o n v en tio n  re g a rd in g  m u l t i p l i c a t iv e  p a th s  g iv en  by
A rs c o tt  and Sleeman [ 5  3; t h a t  i s  we deno te  by  T,,. a  sim ple
c lo s e d  p a th  e n c i r c l in g  th e  s i n g u l a r i t y  u . once p o s i t i v e l y ,
and e n c lo s in g  no o th e r  s i n g u l a r i t y  o f ( l ) .  We f u r th e r
deno te , by  . th e  p a th  c o n s i s t in g  o f Hq . , . d e sc r ib e da 0 ^ 0s u c c e s s iv e ly  i n  t h a t  o rd e r ,  and s im i l a r ly  f o r  r,-.-, _ , e tc ,
, The p a th  w hich i s  th e  same a s  b u t  d e s c r ib e d  i n  th e
n e g a tiv e  d i r e c t i o n  we c a l l  T •'
i
I f  d e n o te s  a  s in g le  p o s i t iv e  c i r c u i t  abou t u  = ,«  
and 5' th e re b y  a doub le  c i r c u i t  about u  = th e n  Our 
h y p o th e s is  i s  t h a t  i f  V(u) i s '  any s o lu t io n  o f ( l ) , V(u) 
m ust be  such t h a t
[7 (u) 3„ = ,V(u) , (2 )
CO 0 0  ,
where [V (u )]p  d e n o te s  th e ' a n a ly t i c  c o n tin u a t io n  o f th e  ,,
f u n c t io n  V(u) when c o n tin u e d  a lo n g  th e  p a th  T.
I n c r e a s in g  z by  2E(z z + 2E) becomes in  th e  u -p la n e  a
p a th  which encom passes u  = 1, n e g a t iv e ly ,  and u  = 0
n e g a t iv e ly  i n  t h a t  o rd e r  . ( i . e .  T ) .  I n c re a s in g  z byl" o ~  , .
V  : ■ /  ' ; -  ■ 29.
2 iK ’ c o rre sp o n d s  t o  a n e g a t iv e  c i r c u i t  about p. = k~* and , a
n e g a t iv e  c i r c u i t  abou t u = 1 , in  t h a t  o rd e r  ( i . e .  F _k -2  1
In  what fo llo w s  we s h a l l , ' f o r  co n v en ien ce , ■ d en o te  ■
_o '■ ■' ' ■ .k  by  a* In  th e  u -p la n e  th e  Hermate th e o ry  can  be s t a te d  
p r e c i s e ly  a s  fo l lo w s .
Theorem I I I
, I f  th e  g e n e ra l s o lu t io n  o f th e  d i f f e r e n t i a l  e q u a tio n  
( l )  i s  u n a l te r e d  by  a  doub le  c i r c u i t  about u  = th e n  th e r e  
e x i s t s  a t , l e a s t  one s o lu t io n  W(u) and c o n s ta n ts  such
t h a t   ^ -
[W (u)] p = V/(u) , (p a)
and
1 o
[W (u)]p = Og W(u), . (3b)
- - a” l~
P ro o f
Prom A rs c o tt  and Sleeman ( [ 3  3 p .  255) we have t h a t  
th e r e  m ust e x i s t  a b s o lu t io n  o f (lO , v ( u ) , sa y , such t h a t
[ v ( u ) ] ^  = v (u )  , (4 )
■ l"o ~  - \
where F ^  d e n o te s  a n e g a t iv e  c i r c u i t  abou t u ' -  1 and u =, 0 l™o*
i n  t h a t  o rd e r .  ■
‘■Let Ï  d en o te  a  p a th , t h a t  encom passes u  = 0 , u  = a ,
u = 1 , u = 0 , u  = a ,  and u ~ 1 , each n e g a t iv e ly  and i n  th e
o rd e r  g iv e n , i . e .  F i s  e a u iv a le n t  to  Fo a 1 o a 1 :
3 0 .
C onside r any s o lu t io n  V(u) w hich i s  co n tin u ed  a lo n g  t i i i s  
p a th  and l e t  th e  r e s u l t i n g  fu n c t io n  be deno ted  b y  CV(u)]p .
CV(u)]p w i l l  a ls o  b e  a  s o lu t io n  o f ( l )  and s in c e  u = 0 i s  a
1r e g u la r  s i n g u l a r i t y  w ith  exponen ts 0 and t h i s  s o lu t io n  
w i l l  be  u n a ffe c te d .,b y  a doub le  n e g a t iv e  c i r c u i t  about u = 0 . 
Hence we have
[ 7 ( u ) ] -  = [ 7 ( u ) ] Z p  . " . (5)^   ^ ^ 0 -0 -
How T T  a  V -  r  r  r  ando 0 ' o a l o a l o o  o a 1 o a  1 o o
s in c e  i s  e q u iv a le n t  to  T _ _' a ~ l o’"
c^o=o =  r  _ ' ' (6 )a 1 o a  1 0
and e q u a tio n  (3 ) c an , t h e r e f o r e ,  b e  w r i t te n  a s  fo llo w s
C v(u)]~  = CV (u)]„ r  r  " (7 )
_  CO (X) —O O
S ince  any s o lu t io n  o f (1 ) s a t i s f i e s  (2 ) t h i s  becomes '
[V(u)]%  := [T (u ) ]_  , . (S)
: -, ■ 3 ;  , 3 - 0 - ;  .
o r  ' • .
. [V (u )}p  = 7 (u ) ,
upon r e f e r r i n g ,  once a g a in , to  e q u a tio n  (3)»  We h av e , 
t h e r e f o r e ,  t h a t  any s o lu t io n  V(u) o f ( l )  i s  u n a f f e c te d  when 
c o n tin u e d  a lo n g  T a s  d e f in e d  above.
How l e t  (u ) be th e  f u n c t io n  o b ta in e d  when th e  s o lu t io n  •
v (u )  i s  c o n tin u e d  a lo n g  th e  p a th  F _ ,a  l""
IL o 0 0 ■ v ’^ (u) = , C v(u)]p  . (9)
a 1
I f  v '( u )  i s  a m u lt ip le  o f v (u )  th e n  we have n o th in g  more to
p ro v e , f o r  v (u )  i s  th e  r e q u ir e d  s o lu t io n .  Suppose,
t h e r e f o r e ,  t h a t  v * (u ) i s  n o t  a m u lt ip le  o f v ( u ) . We f i r s t
show t h a t  v^ (u ) i s  a ls o  m u l t i p l i c a t iv e  f o r  th e  p a th  F ^■ l*"o~ .
d e f  r- -THow, [v^ ( u ) ] p  . = , j^ [v (u )]p  ^
1 o a  1 1 o
= C v(u)]p  -p . - (10)
a~l"^ l*"o“
S ince  [ v ( u ) ] . .  r  4 s  a ls o  a  s o lu t io n  o f ( l )  
■ ; a "  l~o~
[ v ( u ) ] p  F “ [v ( u ) ] p  r  F (11)
a l i o  a l i o
= [ v ( u ) ] r   ^ (12)
a“‘l ’“l ‘‘o“ o‘“a~'l” o” a” l ‘“ '
1The exponen ts a t  u  = 0 ,1  and a  a re  each 0 and ^  so t h i s  
becomes
C v (u )lp  p = [v ( u ) ] p
a ~ l^  l" o ~  l “ o” a“ l ‘
= C v ( u ) 3 j - _ r  . . (13)
1 o a  1
: .. ' 52..
R e c a l l i n g . th a t  v (u )  s a t i s f i e s  e q u a tio n  ( 4 ) ,  t h i s  e q u a tio n
can b e  w r i t t e n  a s
[v" ( u ) ] p  ■ = C v(u)]p  p ' .
. - - 1"  ■  ^ s T l -
= On V* (ù ) 3- (14)
and (n ): i s  m u l t i p l i c a t i v e  f o r  th e  p a th  r  • C onsider1 / ' :. . . . l~ o "  1;■¥(u) 5 .d e f in e d  by
W(u) = c v (u ) ,+ C* v ' (u ) 3 , (15)
th e n  c l e a r l y  V/(u) i s  .m u l t ip l i c a t iv e  f o r  th e  o a th  R ' • w ith
. l~ o ^
p a th  f a c t o r  oVo I f  v* (u ) i s  c o n tin u e d  a lo n g  r . _  _ t h i sa” l"*, .w i l l  a ls o  be  a  s o lu t io n  o f ( l )  and th u s  e x p re s s ib le  in  te rm s
o f v (u )  and v " ( u ) , i . e .
[v '% u )]p  = (X v (u )  + a * y * (u ) , say , (16)
' . a " ï "  . - ;
C o n tin u in g  W(u) a lo n g  th e  p a th  r  we' o b ta in  t h a t
[W (u)]_ = v (u )  + (G + c * a '') v '( u )  . : (1 ? )
• a  1 ' ■
S im ila r ly  to  2 .5 1 (6 )  we have t h a t  tw (u )]p  -  Op ¥ (u )  i f  
and o n ly  i f . ^  ^
: - o^c = c*a  3 0^ 0* = c + o* a* , t.;
i . e .  . , Gpd “■ ac* = 0 % ■ : ( l8 a )
. '  : . c + (a * -O p )c *  = 0 3 . r i  . '1 (16b )
\  \  ^ ■ -  33.
and i t  w i l l  be p o s s ib le  to  choose c and c* n o n - t r i v i a l l y  to  
s a t i s f y  th e s e  e q u a tio n s  i f  and o n ly  i f  s a t i s f i e s
0^  -  a  = 0 . (19.)
T h is  com p le tes th e  h e rm ite  a n a ly s i s  i n  th e  U“p la n e  and shows 
t h a t  i f  th e  g e n e r a l , s o lu t io n  i s - u n a l t e r e d  by  a  double  . 
c i r c u i t  abou t u  = th e n  th e r e  m ust e x i s t  one s o lu t io n  which 
i s  m u l t i p l i c a t iv e  f o r  b o th  th e  p a th s  r  and T
2 .6  C h a r a c te r i s t i c  exponen ts when u  -  ^  i s  a  r e g u la r
: ■ , ■ • 'S inprolajit;,-
, T h e ,- d i f f e r e n t ia l  e q u a tio n  > ^
+ p (u )  ^  + q(u)w  = 0 (1)du r Gu
h a s  a  r e g u la r ,  s i n g u l a r i t y  a t  u  i f  and o n ly  i f
0  s  ■ 'L im u p (u )  and Limu"" q (u ) a re  f i n i t e .  Suppose t h a t  . 'U-î^ ' . . Vi->^
■ ■ p . ■■■• 'him u p ( u )  = A and h im u  q (u ) = B , (2 a ,b )U->oo u->«’ .
th e n  th e  e q u a tio n  to  d e te rm in e  th e  c h a r a c t e r i s t i c  exponents
IS
; 0 (6 4 4 1 ) .-  Ac + B ^ 0 . } :j '(3 )
I n  e q u a tio n  2 .5 2 ( 1 ) ,  A = -3 and Lim u^ q (u ) w i l l  e x i s t  . i f  and
o n ly  i f  y ( u )  i s  o f th e  form
Pj2T(u) = ok u + p, say , (4 )
2where th e  c o n s ta n t  k  i s  in tro d u c e d  p u re ly  f o r  conven ience . 
E q u a tio n  2*52(1) th e n  ta lre s  on th e  form o f Lame’ s e q u a tio n  
1 .1 (1 4 )  . / B i s  th e n  g iv en  by
and e q u a tio n  (3 ) becomei
(c l )  — -§0 — <2r “ ^ Î (6 )
o r ' c^ — ^ c  = 0 . (? )
Hence i f  th e  s i n g u l a r i t y  a t  u  = «> i s  r e g u la r  and one o f th e  
exponen ts i s  - p ,  sa y , th e n  th e  o th e r  exponent p'% say , 
s a t i s f i e s  . .
-  p + p* = , ■ : • ;
i . e .  p* = p , (8 )
T h e re fo re , p ro v id e d  we have a  r e g u la r  s i n g u l a r i t y  a t
i n f i n i t y  f o r  e q u a tio n  2 .5 2 (1 )  and one o f th e  exponen ts i s
1 ■ • -  p th e n  th e  o th e r  i s  p4*^. '
2 .7  M u l t ip l i c a t iv e  s o lu t io n s  i n  th e  u -p la n e
E q u a tio n  2 ,5 2 (1 )  h a s  r e g u la r  s i n g u l a r i t i e s  a t  u = 0 ,
<«aPu = 1 and u  -  a  ( a  = k^ ) ,  th e  exponen ts a t  each  b e in g
■ 1 '(0 , ^ )  and a  s i n g u l a r i t y  a t  i n f i n i t y  which i s  g e n e r a l ly
\ ^ 35.'
i r r e g u l a r  b u t  i f  r e g u la r  h a s  exponen ts o f th e  form
( — p 5 p 4- •^) *
L e t Yp5 Yg) Y2 d en o te  sim p le  c lo s e d  p a th s  from  an 
o rd in a ry  p o in t  o f 2*52(1) e n c i r c l in g  th e  s i n g u l a r i t i e s  u = 0 , 
u  = 1 and u  = a r e s p e c t iv e ly ,  once p o s i t i v e l y  and e n c lo s in g  
no o th e r  s i n g u l a r i t i e s *  Yq^ M il l ,  f o r  exam ple, a s  e x p la in e d  
i n  § 2*52, d en o te  a  com posite  p a th  c o n s is t in g  o f  Yt-s Yp, 
d e s c r ib e d  s u c c e s s iv e ly  i n  t h a t  o r d e r .  "
What we s h a l l  show i n  t h i s  s e c t io n  i s  th e  r e l a t i o n s h ip  
betw een th e  m u l t i p l i c a t i v e  s o lu t io n s  f o r  th e  p a th s  Yqg? Y^^, 
Y^^ and Yq25“ The r e s u l t s  o b ta in e d  fo llo w  im m ed ia te ly  from , 
th o se  g iv en  b y  A rs c o t t  and Sleeman [ 5 ] and th e  te rm in o lo g y  . 
ad o p ted  i s  b a s i c a l l y  t h a t  g iv en  i n  [ 5 ] .  We ob se rv e  th a t ,  , 
th e  p a th  Y^ 23 e f f e c t i v e l y  a p a th  making a  n e g a t iv e  
(i*e*  a n tic lo c k w is e )  c i r c u i t  abou t i n f i n i t y  and , a s  b e fo re  
(§ 2 * 52 ), t h i s  i s  d en o ted  b y  F ^*coF
L e t 0^2 th e  " lin lc  p a ra m e te r” f o r  th e  combined p a th  
Y^2? th e n  Theorem 3 C5 ] shows t h a t  th e  p a th  f a c t o r s  f o r  
Y^ 2 th e  r o o t s  o f  th e  e q u a tio n
s'^ -  2s cos 6^-^ + 1  = 0 ,  ( l )
±16^ Pi . e .  s = e * I t  i s  w orth  m en tio n in g  t h a t . t h i s  
e q u a tio n  i s  i n  agreem ent w ith  2*51(10) a s  m igh t have been  
e x p e c te d , s in c e  an  in c r e a s e  i n  z of'-£K c o rre sp o n d s  to  a . 
combined p a th  i n  th e  u -p la n e  abou t u  = 0 and u  = 1* 
A sso c ia te d  w ith  t h i s  l i i ik  p a ra m e te r  G^p i s  th e  q u a n t i ty  
^12 “ ^12^^^  ^ w hich has, th e  fo llo w in g  p r o p e r ty :— th e r e  i s  :
:: 56.
a , s o l u t i o n  K u ) o f  2 .5 2 (1 )  w hich ta i :e s  th e  form
: : • K u ) = C u C u - i) ]  ^2 i i(u )  , (2 )
where il(u ) . i s  a  f u n c t io n  w hich i s  u n a f fe c te d  by  th e  p a th
t h i s  i t  i s  e a s i l y  seen  th a t ,  f o r  a  sim ple  c lo s e d  
c i r c u i t  abou t u = 0 and u  = 1
: e 4 , K u ) . (3)
The lin k , p a ra m e te rs  f o r  th e  combined p a th s  Yp^ 'sn d  Yq'  ^ a re
s im i l a r ly  and where 0^^ a n d .6^^ s a t i s f y  e q u a tio n s
o f th e  form  ( l ) ,  and a s s o c ia te d  w ith  th e s e  : a re  th e  c o n s ta n ts
and Xn ^ where 25 15 '
®25 ^ , 5 . . • . , (4 )
.5 \  ... . (3 )
where and X^^ have th e  p r o p e r t i e s : -
(a )  th e  c o n s ta n t  X^^ i s  such t h a t  th e r e  e x i s t s  a  s o lu t io n%
^(u) o f 2 .5 2 (1 )  o f  th e  form  
: ; ^ (u) = C ( u - l ) ( u - a ) ]  n (u )  j (o )
where il(u) i s  a  f u n c t io n  w h ic h -is  u n a f f e c te d  by  th e  
" path Y2 3 *' J . /
(b ) th e  c o n s ta n t  Xt ^ i s  such t h a t  th e r e  e x i s t s  a  s o lu t io n
■ A \  ■ . 4  . ::  .. iif(u) o f 2 . 5 2 (1 ) o f  th e  form .
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K u) = C u ( u - a ) ]  f l (u)  , (?)
Awhere n (u )  i s  a  f im c tio n  w hich i s  im a f fe c te d  o j  th e  p a th  ,
In  th e  u -p la n e  a  p o s i t i v e  c i r c u i t  abou t a l l  th r e e  
s i n g u l a r i t i e s  u = 0 , 1 and a i s ,  i n  e f f e c t ,  a  n e g a t iv e  
c i r c u i t  abou t i n f i n i t y  and hence i f  -  p i s  one o f  th e  . 
exponen ts a t  i n f i n i t y  th e n  th e r e  e x i s t s  a  s o lu t io n  of 
2*52(1) l ( u ) , sa y , o f th e  form
Y ( u )  = [u (u  -  l ) ( u  -  a ) ] ^  % ( u )  ,  ' ( 8 )'
where x (u )  - i s  s in g le - v a lu e d  i n  th e  tw o -lea v ed  Riemann 
s u r fa c e  jo in e d  a lo n g  CO,a]*
; As m en tioned  p r e v io u s ly  we w isli to  e s t a b l i s h  some 
r e l a t i o n s h i p  betw een  th e  m u l t i p l i c a t iv e  s o lu t io n s  o f
2.52(1) f o r  th e  p a th s  Yq2’ ^25’ ’^15 Y%2$ ( T ^ )
i . e .  . we r e q u i r e  to  d e te rm in e  some c o n n ec tio n  betw een.
^12^ ^^3^ and p*
From § 5 , [ 5 ] th e  'no rm ' , II, o f th e  s p h e r ic a l
t r i a n g l e  w ith  s id e s  ^23’ 3^1 g iv en  by
N = , s in  s in  6?^ s in  G^^ . (9 )
and th e  l i n k  p a ra m e te rs  G^p, 6g^, G^- a re  r e l a t e d  as 
fo llo w s
cos GgT = cos 0^ 2 90s 8^ 2 s in  G^p s in  8-, ^ cos ) (10)
5 8 .
(C5 3 p . 2 6 8 ). I f  th e  s i n g u l a r i t y  a t  u  = i s  r e g u la r  th e n  
th e  c h a r a c t e r i s t i c  exponen ts th e r e  a re  -  p , p + ^ , ( §  2 .6 )  and 
s in c e  Yq23 e q u iv a le n t  to  a n e g a t iv e  c i r c u i t  abou t 
i n f i n i t y  th e  p a th  f a c t o r s  f o r  Yl2^ m ust be and
g - i(2 p + l)% ^  A r s c o t t  and Sleeman [ 5 3  showed t h a t  w ith  N 
d e f in e d  a s  i n  (9 ) th e  p a th  f a c t o r s  f o r  Yqp^ a re  r o o t s  o f th e  
e q u a tio n  ; ■ . .. .
and th u s .
2 ■ 4 iH s  + 1 = 0 , (11)
- 4-iM =  ^ 2i sin
giving ‘ IÎ = t  sin 2pm . (12)
E e -w r i t ih g  e q u a tio n s  (9 ) and (10) i n  te rm s o f X^? and
Xn^ we. have15
N = s in  s in  4tc X^^ s in  4tc X^p 5
and , cos Xp? = cos 4tc X^  ^ cos 4-m X^^ +
+ s in  4m X^ 2 s in  4m cos 'i'25 • (14)
I n  th e  above we have a ls o  u se d  th e  f a c t  th a t ,  th e  p a th  
f a c t o r s  f o r  Y^q ar& th e  same a s  th o s e  f o r  Yq^ (Theorem 4  ,
[ 5  3 p* 267) ,  i . e .
*13 “ 3^1 ~ 4^^q^ ” (15)
E q u a tio n s  (1 2 ) , (13) and (14) g iv e
. . i
- 4 :  ' ' - . \ ' 39..
, i  s iii^  2pm .^ = s in ^  \?23 ^1^^4m sin^4m X^ 2 5 (16)
and/x ';- '
. (co s  4m X2? -  co s 4m X^p cos 4m '
• = • ' • ■ . • *  P P P.=  s in  4ti Xj^2 s in  cos 2^5  ^ • ( l ? )
Adding th e  above two e q u a t io n s  g iv e s
?  2 ?  2 • ?  s in  : 4m X^ 2 s in  4m X^^ -  cos 4m X^ 2 cos 4m X^^ -  cos 4m 7^2^
■ ' 1 2  ■+ 2 cos 4m X^ 2 cos 4m X2? cos 4m X^^ = ^  s in  2m p * (18)
T h is can  be  e x p re sse d  a s  fo llo w s
[co s  4m X2% *“ cos 4m (?v^2*^^q^)^ l^cos 4m (X^2"^ i cos 4m X2^J
= , ^ s i n ^  2m p , '
o r ■ ■ ■ '
4  s in  2m(X^2+^23*^13) ^^12‘^ ^23"^13^ s in  2m (7^ .^  2*^25^^13^
1 P •s in  2m (Xgy+X-, ^-X^ g) = v  s in  2m p . (19)
' JL ^ JL^  •
Hence th e  r e l a t i o n s h i p  betw een X^ g^* '^23’ ^^13 d i s  : . 
th e r e f o r e  -
. s in  2m (4q2+^234^ q^) s in  2m(Xg^ 2+^23" ^ 3^  s in  2m(X^2~^23'^^15^
\ . ' ' ,1' i s in  2m (X2 +^X-^  ^‘""X*^ 2  ^ -  X6 2m p * (20)
. r.\., . i
4 0
I f  p i s  h a l f  an in te g e r  th e n  from  (127 h  = 0 and e q u a tio n  
(20), re d u c e s  to
s in  271: (X^^+X2j4-X^^) s in  2ti:(X^2**'^23“'^13  ^ s in  2ti(X^2”^23^^13^
s in  271 (^23"^ ^3" \L2  ^ -  0 (21)
We s h a l l  r e tu r n  to  t h i s  s p e c ia l  c a se  i n , t h e  fo llo w in g  
' / s e c t io n  (§ 3 * 4 ) 'w h ic h ‘i s  d ev o ted  to  Lam e's e q u a t io n  -  i . e .
th e  s p e c ia l  c a se  o f th e  doub ly  p e r io d ic  ■ H i l l  e q u a t io n  ;
1.1(15) , when th e  s i n g u l a r i t y  a t  i n f i n i t y  i s  r e g u la r .  .
hb:.
. . .. ’q.
OHÆPIER 3 ■ . '
/Lame’ s E a u a tio n
■5*1 E xponents a t  Z;.= iK ' fo r . Lam e's eon a t io n
" , ;  /■  : .  : 4 ’■■ -  Lame-''s 'e q u a t io n  1 .1 (1 4 )  h a s  s i n g u l a r i t i e s  a t  s = iK ' 
and co n g ru en t p o in ts  (mod 2K, 2 iK ')  and th e . exponen ts 
r e l a t i v e  to  e a c h . s i n g u l a r i t y  a re  - v  and v + 1 . - , ■'
THEOREM IV . 1 . ' . ' ; ;
T he, g e n e r a l■s o lu t io n  o f L am e's eq u atio n , i s  un ifo rm  
th ro u g h o u t th e  e n t i r e  z -p l'an e  i f  and o n ly  i f  v  i s  an ? in te g e r ,
P ro o f  : ' '
' \  ,  ' ILet' th e  g e n e ra l  s o lu t io n  o f 1 .1 (1 4 )  be u n ifo rm , th e n  
th e  exponen ts r e l a t i v e  to  ev e ry  s in g u la r  p o in t  a re  i n t e g r a l  
and hence v m ust be  an i n t e g e r .  T h is  p ro v es  th e  "only, i f ” 
p o r t io n  o f  th e  theo rem . ■ . ' ' ' .
. Row l e t  V be  an in t e g e r ,  n. sa y , th e n  th e  exponents a re  
- n  and n  + 1 , and th e r e  m ust e x i s t  one s o lu t io n  o f th e  form
. w ,(z )  = S a_ (z  -  i K ' , (1)o .
and th e  second s o lu t io n  i s  th e n  o f th e  form
Wg(z) = Aw-| ( s ) l o g ( s  -  i l l '  ) + L b ( s  -  ilv' )^ " ^ . (2)o 1
These s o lu t io n s  a re  v a l id  n e a r  s = iK ' b u t th e  same a n a ly s is  
a p p l ie s  to  a l l  co n g ru en t s i n g u l a r i t i e s . ■ Ince. [11]
: : ' ' ' ' ' ' ' - ' ' ' ' ' 4 2 .:
(•§.15-52, p* 578) shows t h a t  th e  second s o lu t io n  canno t , 
in v o lv e  a , lo g a r i th m ic  te rm , so th e  g e n e ra l s o lu t io n  i s .  , 
uniform , t h r o u ^ o u t  th e  e n t i r e  z -p la n e . !Biis p ro v e s  th e  ' - •
" i f "  p a r t  and th e  theorem  i s ,  com p le te . . ' 4 , , -
The s u b s t i t u t i o n  t  =. s n z  , t ra n s fo rm s  L am e's e q u a t io n  
i n to  an a lg e b r a ic  fo rm , ' nam ely , ,
( i - t ^ ) ( i - i 4 4 ) n w  _ 4. {h -v (v + i)A t2 }v j = 0 ,dt"^ . .
; ■ ■ ■ . (5 )
w hich h a s  r e g u la r  s i n g u l a r i t i e s  a t  t  = ± l , i k ”  w ith  ,'■ '1 ' i  ' 'exponen ts a t  each  ( 0 ,^ )  and a  r e g u la r  s i n g u l a r i t y  a t  t  .•= «
w ith  ■ exponent s . - v , v  + 1 . A p o s i t i v e  c i r c u i t  in ,  th e  z -p la n e .
abou t a s i n g u l a r i t y  becoines, i n  th e  t - p l a n e ,  a n e g a tiv e  
c i r c u i t  about th e  fo u r  s i n g u l a r i t i e s  t  '= =1 , i k  . : which ; 
e q u iv a le n t  to  a  ^p o s i t i v e  c i r c u i t  about i n f i n i t y .  ,
3-2  D o u b ly -p e rio d ic  s o lu t io n s  .' .
,I n  .s e c tio n  2.51 we showed t h a t ' th e r e  m ust alw ays e x is t  
one s o lu t io n  of. th e  d o u b ly -p e r io d ic  H i l l  e q u a t io n  which i s  
. 'm u l t ip l ic a t iv e  f o r  an in c r e a s e  o f 2K and, fu r th e rm o re , t h a t '  
th e  m u l t i p l i c a t i v e  c o n s ta n t  m ust s a t i s f y  an e q u a t io n  o f th e  
form  2 .51(10) . Lame' s , e q u a t io n  i s  a  s p e c ia l  c a se  o f th e  .... 
doub ly -p  e r io d ic  H i l l  e q u a t io n  and so m ust a lw ays p o s s e s s  
’ one . s o lu t io n  y ( z ) ,  say  ^  : such t h a t  ■ •
. : '' y (? .+  2H) ' = . a y ( z )  , ( l )
where . o: s a t i s f i e s  : • ;■ i -
' "  • 4 '.« : 2 A o 4- o ' .  -’ - I '  . (2)
-. r  : : ; /  - \  c  . . .  . a  ^5.
I t  i s  c l e a r ,  t h e r e f o r e ,  t h a t  i f  a i s  a s o lu t io n  so i s  a
and hence  p ro v id ed , a /  1 1  th e r e  a ls o  e x i s t s  an independen t \ 4 - -^A . ' 4  ' 4: - . ' . , . >s o lu t io n  ÿ , sa y , such t h a t  . .
, ■ ' '  y (z  +2K) = a“" y (z )  , • (3 )
(A rs c o tt  [ 4 ] '  p .  32) .  S im i la r ly  we see  t h a t  i f  th e r e
e x i s t s  a  s o lu t io n  w hich i s  p e r io d i c ,  p e r io d  4K, th e n  o = ± 1 .  
Hence, th e r e  m ust e x i s t  one, s o lu t io n  which i s  b a s i c a l l y  
p e r io d i c ,  p e r io d  2K. In c e  [133, how ever, h a s  shown t h a t  
th e re ., cannot- c o - e x i s t  two independen t, s o lu t io n s  w ith  p e r io d . 
;,2K. o r , 4K . and s in c e  we have a lr e a d y  sh o rn • t h a t  one s o lu t io n  
■is such t h a t  • '
y (z  + 2H) = 1 y (z )  , , (4 )
th e  second s o lu t io n  h a s  n e i t h e r  o f th e s e  p e r io d s .  ‘ Hence; i f  
w(z) i s  a s o lu t io n  o f L am e's e q u a t io n  w hich h a s  p e r io d  4K i t  
must; be b a s ic  a l l y - p e r i o d i c ,  p e r io d  2K. , -
S im i la r ly  i f  w(z) h a s  p e r io d  4 iK ' th e n  i t  m ust-be 
b a s i c a l l y - p e r i o d i c ,  p e r io d  2iK ** I n " e f f e c t ,  th e r e f o r e ,  a 
' d o u b iy -p e r io d ic  s o lu t io n  o f L am e's e q u a tio n  (4 H ,4 iH ') m ust 
b e  such th a t ., ' ' 4 / :  -
w(z + 2K) ' - i  w(z) , w(z+2iK*) = 1 w(z) * (5)
One f u r t h e r  c o n c lu s io n  can be  re a c h e d  abou t th e  s o l u t i o n ., 
w (z ) , nam ely t h a t  i t  m ust be even o r  odd w ith  r e s p e c t  to  .
. z = 0* ' 'The p ro o f  o f t h i s  i s  s im p le ; suppose w(z) i s
n e i t h e r  even n o r  odd, w (-z ) i s  th e re b y  an in d ep en d en t •
: ' ' - - '  4 4 . .
s o lu t io n  and a ls o  'b a s ic a l ly - p e r io d ic  (2 K ,2 iK ') which ' 
c o n t r a d ic t s  In c e  [ I3] -
4  4  ..
ailEOREM T ;
I f  w(z) i s ,  a  s o lu t io n  o f L am e's e q u a t io n  and d o u b ly - ;- . . ■ ' : t ■ .p e r io d ic  (p e r io d s  4 K ,4 iK ')  th e n  w(z) i s ,  i n  f a c t , :  a  Lame 
p o ly n o m ia l. . /  - ; 4
P r oof : ■
L am e's e q u a t io n  o n ly  h a s  s i n g u l a r i t i e s  a t  ;z = iK*
(mod 2K,2iK* ) and r e f e r r i n g  to  th e  above we can c h a r a c t e r i s e  
w (z) a s  f o l lo w s : -
. w (z) i s  even o r  odd and s in g le  v a lu e d  i n  I s l  < K* ; 
i t s  o n ly  p o s s ib le  s i n g u l a r i t i e s  a re  a t  z s  (mod 2K ,2 iK ') 
and a n a ly b ic  c o n t in u a t io n  o f w (z) i s  p o s s ib le  t h r o u ^ o u t  th e  
e n t i r e  z -p lan e*  P u rtherm ore
w(z + 2K) = 1  w (z) V z , (1)
and w ( z + 2 iK ')  = 1 w (z) V s . (2 )
In  e q u a t io n s  ( l )  and (2 ) th e r e  a re  fo u r  p o s s i b i l i t i e s .  L et 
u s ta k e ,  f o r  exam ple, th e  s ig n  + in  ( l )  and -  i n  ( 2 ) ,  th e n  
we have
w((z+2K) + 2iK* ) = -  w(z+2K) = -  w(z) = w(z+2iK* ) = w ((z+2iK ' ) + 2K) ,
and th e  same i s  found  to  h o ld  i n  each  o f th e  o th e r  t h r e e
c a s e s ,  nam ely • ' '
w ((z  + 2K )4.2iK *) = w ((z + 2 iK * )+ 2 K ) V z  *. ; (3)
E rd e ly i  [ 6 ] f i r s t  e s ta b l is h e d  t h i s  r e s u l t  on q u i te  
d i f f e r e n t  l i n e s ,  u s in g  a  d e ta i l e d  s tu d y  o f  th e  v a lu e s  o f  h , 
b a sed  on In c e  [1 2 ] ,  [133*
,.i, -vNi. ■ '.A.-: ., ■■■;-------------------------------------- -  ■•y. .■ ,f. r = --T:- ' ■ ■ ■<■ , 'y i ' r y -  • C- ..  : . ;
• 4 . 45*
T his means t h a t  a f t e r  d e s c r ib in g  a r e c ta n g le  w i th .v e r t i c e s  
z , z+.2K , z + 2K + 2 i K ', z,+ 2 iK ’ , w(z) r e tu r n s  to  i t s  o r ig in a l  
v a lu e .  ' How such a  r e c ta n g le  c o n ta in s  p r e c i s e ly  one 
s i n g u l a r i t y  o f th e  d i f f e r e n t i a l  e q u a t io n ; hence w(z) i s  
u n a f fe c te d  by  d e s c r ib in g  a  c i r c u i t  abou t such, a  s i n g u l a r i t y .  
S ince  th e  c h a r a c t e r i s t i c ,  exponen ts a t  every  s i n g u l a r i t y  a re
-  v.,. V +.1; t h i s  means t h a t  v m ust be an in t e g e r ,  .= n  say,, 
and w (z) i s  s in g le -v a lu e d  th ro u g h o u t th e  e n t i r e  z -p la n e .
'4 ' N ow ,'let ,w(z) -> w (t)  U n d e r th e  t r a n s fo rm a tio n  t  = sn  z . 
Then w (t)  i s  e x p re s s ib le  a s  a  form al' power s e r i e s  in  t  w ith  
a th re e - te rm  re c u r r e n c e  r e l a t i o n s h in  betw een th e  c o e f f i c i e n t s ,  
T y p ic a l i s  th e  s e r ie s ,  f o r  a  fu n c tio n , of ty p e  ( i )  (T ab le  I ) ,  
w h ic h ,is  e x p re s s ib le  a s  a  s e r i e s  . . .
- ' . : : 4  :: «
where th e  c o e f f i c i e n t s  s a t i s f y  th e . re c u r re n c e  r e l a t i o n s
- h a ^ '  -  2a^ = 0 , • (5 )
(n -2 r+ 2 ) (n+2r - l ) k ^ a 2^ _2 ( 4 ( l+ k ^ ) r^  -  hj.a^^ -  (2 r+ l)  (2r+2) a 2^ +2 = ^
• . 4 ' , ( r 1). . (6) .
Now a p n l ic a t io n  o f P e r r o n * s .r u le  [173 (V ol. I I  § 20) shows -
t h a t  th e  r a d iu s  o f  convergence o f t h i s ' s e r i e s  i s  1 i n  
g e n e ra l  and r a i s e d  to  k“"“ i f  a  p a r t i c u l a r  c o n d it io n  i s  
s a t i s f i e d .  An i n f i n i t e  s e r i e s  r e p r e s e n ta t io n  o f w (t)  o f 
th e  form  (4 ) canno t converge f o r  I t i  > k • In  o rd e r  t h a t
- ' 4 . 4.4 À ' ' - -- ' % . . . ' ; .' - 4/ -  ' -46. '
w (t)  be an i n t e g r a l  fu n c t io n  o f  t  (Theorem th e  o n ly  
p o s s i b i l i t y  i s  t h a t  th e  s e r i e s  (4 ) te r m in a te s .
: .L et:,us suppose t h a t  :&2u+2 “ ■ ^2N+4 ~ **'* ^ 2 H ^  '
. 'Prom e q u a t io n  (6 ) w ith  r  .','= N + 1  we m ust have > '
: (n  + 2N + l )  (n  ~ 2N) = 0 , so t h a t  n  = ' 2N4 ' P in  a lly ,-, r e l a t i o n  '
!' (6 ) w ith  r .=  I f  2 , . . .  N, shows t h a t  th e  c o n d it io n  apN+Z “ ^
44 i s  an a lg e b r a ic  e q u a t io n  in  h  o f  d eg ree  N + 1 . In  t h i s  c a s e ,
"4: ■ th e r e f o r e ,  w(z) i s  a  Lame po lynom ia l o f th e  f i r s t  s p e c re s .
There a r e ,  how ever, e ig h t  p o s s i b i l i t i e s  f o r  th e  fu n c t io n  w (s) 
b u t  i n  each' c a se  th e  a n a ly s i s  i s  s im i la r  t o  th a t .  ju s t ,  
'd e s c r ib e d  and shows t h a t  w (s) w i l l  be  one o f th e  e ig h t  ty p e s  
o f Lame p o ly n o m ia ls  and h  w i l l  s a t i s f y  th e  a p p ro p r ia te  
4 c h a r a c t e r i s t i c  e q u a t io n  (A rs c o tt  [ 4 . ]  p .  2 0 1 ).  ^ T h is ,
, com p le tes th e  p r o o f . \  - - / ' I '4
4 - 3.3 . .. O rthogonal P r o p e r t ie s  . ■ ' ■
3.31 O rd in a ry  o r th o g o n a l i ty
: L e t ( z ) ,  w. (z )  be  two s o lu t io n s  o f L am e's e q u a t io n  1 ' 2 ^
: 1.1(14) f o r  th e  same v b u t  d i f f e r e n t : h ,  b o th  doubly-, : .
p e r io d ic  2^C,2miK' (f ,m  i n t e g e r s ) .  . m^ ^ ( z ) and m^ ^ ( z) a re
■ d e f in e d  i n  iz l  < K'. b y  t h e i r  s e r i e s  .expansions and e lsew here  
by  a n a ly t i c  c o n tin u a t io n  in , th e  p la n e  c u t a s  in  § 2 .1 .  .We 
.a d o p t th e  same c o n v en tio n s  a s  d e ta i l e d  t h e r e .  We in ip ly , 
t h e r e f o r e ,  t h a t  w ^ ^ (z ), (z )  a re  doubly-p  e r io d ic  i n  t h i s
sen se  and in  what fo llo w s  -all p a th s  o f i n t e g r a t i o n  w i l l  be 
such t h a t  th e y  .do n o t  c ro s s  a  c u t .
Then : we have th e  fo llo w in g  o r th o g o n a l i ty  p r o p e r t i e s
( i )  J (z)w^ ' (z )d z '  = 0 , (h^ /  hg)
4 7 .
(1)
E+±mE\ . '
( i i )  J  (z)vj^ (z )d z  = 0 . (h^ /  h^)
E-imK* ^ ^  .
(2 )
P ro o f :•
The p ro o f  fo llo w s  th e  u s u a l  S tu rm -L io u v x lle  l i n e s  f o r  
th e  p e r io d ic  c a s e . w^_ (z )  and W;^_(z) s a t i s f y  th e  fo llo v /in  
e q u a t io n s  w ith  h^ /  h g .
w-. (z )  + (hn -  v(V + i)k^sn^z)w , (z )  = 0h (5)1
w-h. (z) + ( h g - v ( v  + l)k sn z)v7, (z) = 0 (4).
Hence i t  can he e a s i l y  o b ta in e d  t h a t  4  ' ' . ’
' ■;, 4  , . : (5)
and thus . :
Æ  q  Æ  „ ,
!  . = q ;g-::g-y  J C«v (z)v^ (z)-W (z)v, ( z ) ] d 2 ,
r ^ 4 4 ^ ^ "AE ^ ^ 1
: ' 4 - (6 )
1 [w^ (z)w^ (z)-W^ (z)Wj^ ( z ) ] ficd  -2 1 .^E
(7 )
S ince  w, (z )  end v.v (z ) . a re  p e r io d ic  2fE , so 'a jo  th e i r ,  nq n-2 ■ ■;■
; d e r iv a t iv e s ,  and th u s  -
(z)w ^ (z )d z  = 0 , (h^ /  hg)1 2
E q u a tio n  (2 ) i s  p ro v ed  in , a  v e ry  s im i la r  manner and i t  i s  
w orth  m en tio n in g  t h a t  t h i s  ' r e s u l t  could, he  g e n e ra l is e d  to  
one o f th e  form
a+imE' . ' "
J w^ =: 0 , (h^ /  h^) Y (8 ) ,
a-imK' 4-, 2 '
where a  i s ,  such t h a t  th e  p a th  o f in te g r a t i o n  does n o t  p a s s  
a lo n g  ; a. c h a in  o f  s i n g u l a r i t i e s  -  i . e . B ^ a ' /  2rK ( r  i n t e g r a l ) .
"The. p r o o f ,  once a g a in , i s  th e  same as  t h a t  g iv en  above.
4- /   ^ /  ' ' AE. ' 2 - ^ ^ :; . ' I t  i s  w orth  m en tio n in g  t h a t  ? (w. ( z ) )  dz /  0
' ' ^
(o b v io u s ly ) , b u t  i f  ^  > 3 one i n t e r e s t i n g  f e a tu r e  o c c u rs . :
' I f  ^  > 3: th en , even and odd s o lu t io n s  o f Lame* s e q u a t io n , , 
b o th  w ith  p e r io d  2 Æ  c o - e x i s t .  Eor exam ple, i f .
V =' -g, Î h  .= ;y (i + k  ) , th e n  Lame’ s e q u a tio n  p o s s e s s e s  s o lu t io n s  
(cn  z -  dn z)^ .■ and (cn  z + dn z)^ w hich a re  even and odd 
r e s p e c t iv e ly  and  a re  b o th  d o U b ly -p e rio d ic , 8ÏC,8iK* . , . So i f  
: w, ( z ) i s  th e  even s o lu t io n ,  w. (z )  th e  odd s o lu t io n ,  we have
; ' . h  . /  4 , :  " p :  ' y ,
3 ,3 2  D o u b le .o r th o g o n a li ty
I n  th e  c a se  o f Lame p o ly n o m ia ls  a .w ider double ' 
o r th o g o n a lity , r e l a t i o n  was o b ta in e d  [ 4 ]  p„ 207, and i t  w i l l
'.vV' , / .. .r ' ''
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now be  -shorn t h a t  a  s im i la r  r e l a t i o n  h o ld s  f o r  more g e n e ra l
p e r i o d i c 's o l u t i o n s .  We now a llow  th e  fu n c t io n s  to  be .
s o lu t io n s  o f Lame’ s e q u a t io n  f o r  d i f f e r e n t  v a s  w e ll a s  '
d i f f e r e n t  h  and w r i te  them a s  w, , w-l, ...- "^ 1 ^2
THEOREM VI
■ : ' Vq Vp . /I f  ' w^,, (2) and Wn. ( s )  a re  two s o lu t io n s  o f name’ s - 4^1 ^2 :
e q u a t io n  1.1(14) a n a ly t i c  i n  th e  c u t z -p la n e , th e n
n  Mj^^(a)wq^^((3)wj^,^(p)w^^(a)(sn^a“  sn ^ p )d a d p , = 0 , (9 ) 
S ^ ^ 2
Vq Vo - . . .
A  u n l e s s  W-, ( z ) ,  w ,  ( z )  a r e  t h e  s a m e  f u n c t i o n .  f f  d a d pll-j - Üq ^J- ^ 8
d e n o te s  i n t e g r a t i o n  over a  from  -fR  to  Æ  and o v er p from 
K-imK* to  K+imIC’ w here th e  p a th s  o f i n t e g r a t i o n  do n o t  c ro s s  
• "any, c u t i n  th e  z -p la n e .
V ■ P ro o f :
Vw u^(a) s a t i s f i e s  t h e , d i f f e r e n t i a l  e q u a tio n  ^1
2
+ (h , -  Vn ( V-, + l ) k  sn  z)w = 0 , (10)
and so W. ( a ,  p) d e f in e d  by'1
V-,  ^ VWq(d, p) = w ^^(c)w ^^(p) , ( 1 1 )
s a t i s f i e s  th e  p a r t i a l  d i f f e r e n t i a l  e q u a tio n
50,
d \ .  0% , _ .  P  P ' ^ ---- —^  -  V-, (v . + l ) k  ( s n ^ a - s n  p)V78or ap^ ^ 1
=  0 (12)
S im ila r ly  V7g(a5p) V g V gw, (a)w, (p ) s a t i s f i e s^2  Û2
ôa^
9 %IF V2(v2 *î* l ) k ^ ( s n ^ a  -  sn^p)V72 = 0 . (15)
Prom th e s e  two e q u a t io n s  we can  e a s i l y  o b ta in  - , '
(Vq -  Vp) (Vq + Vg + l ) k  WqWg(sn a  -  sn p) = Wg j
¥, a^Wp a^Wp ^  ^ aoc^ " ap^ '
and th u s ,
(14).
I I  (vq -  Vg)( Vq + Vg + l ) k  WqWg(sn a -  sn  p)dadp .. 
S
s
VJ
3 % , a 4 f , 
2   ^ I V  : e \i
a4?2
3 4 BP'
dadp:
I n t e g r a t i n g  th e  r ig h t- h a n d  s id e  o f t h i s  e q u a t io n  b y  p a r t s  
and u s in g  th e  p e r io d ic  p r o u e r t i e s  o f W-. ,Wp we have t h a t  t h i s  
v a n is h e s  and th u s  f o r  Vq /  Vg
'■ JJ W^W2(sa a - s n ‘^ P)dadP
hq may o r may n o t  be  equal to  hg .
= 0 (15)
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I f  Vq = Vg and hq /  h g , th e n  th e  l e f t - h a n d  s id e  o f e q u a tio n  
(9 ) can  he w r i t t e n  a s
h  8n^p)daap =S 1: 2 ,, 1 2
flC  V-, V-, ' p  K + in iR *  v .  V q=. J '. ■ Wq^ (oc)w^  (a)sn ada J vj^  (P)w^  (P)hp
■Æ ^ ^ E-imE' ^ ^
K+imK* ■ v-1 • V-, p ■ v^  v-t , .j' Wq (P)wq^-(p)sn p dp J  Wq (a)wq^ (a )d a ;  (16)
R-imR: ^  ^ -
A pplying th e  o r th o g o n a l i ty  p r o p e r t i e s  in d ic a te d  i n . e q u a t io n s  
( l )  and (2 ) ; to  (16) we have ' im m ed ia te ly  t h a t  i f '  Vq =. Vg, 
hq /  hg th e n
J]*. Wq¥g(sn^ pc - sn^ p)dadp = 0 .
- 8 .
T his com p letes th e  p ro o f .
I t  i s  n o te d  t h a t  th e  r e s u l t s  g iv en  above do , i n  f a c t ,  
a g re e  w ith  th e  o r th o g o n a l i ty  p r o p e r t i e s  o b ta in e d  i n  th e  
e x te n s io n  o f A rs c o tt  [ 3 ] c o n s id e re d  i n  Appendix , A.
I f  once a g a in  we l e t  f  > 3 th e n  i t  i s  p o s s ib le  f o r  ■
Vn V pf u n c t io n s  Wq^ ( z ) ,  Wq^  (z )  b e lo n g in g  to  th e  same v ,  h  to  e x i s t  
1 2
such t h a t  • ■
'.JJ W q ^ (a ) w j^ ^ (p )w q ^ ( a )v jq ^ ^ (p ) ( s n ^ a -s i i '^ P )d a d p  = 0
g , 1 1 2 - 2  •
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5 »4- General- s o lu t io n  o f Lame’ s e q u a t io n  uniform
/In  § 3»1 we showed t h a t  th e  g e n e ra l s o lu t io n  o f Lame’ s ;
e q u a t io n  i s  u n ifo rm  i n  th e  z -p la n e  i f  and o n ly  i f  th e
exponen ts r e l a t i v e  to  e v e ry  s in g u la r  p o in t
(z  = iK ’ (mod 2K ,2iK ’ )}' a re  in te g e r s  -  i . e .  v m ust he  sn
2i n t e g e r ,  = n  sa y . A pplying th e  s u b s t i t u t i o n  u = sn a to  
/ ^L am e's e q u a t io n  1 .1 (1 4 )  to  th e  case  when v i s  an i n t e g e r ,
th e  exponen ts r e l a t i v e  to  i n f i n i t y  i n  th e  u -p la n e  a re
~ ~  and The s i n g u l a r i t y  a t  i n f i n i t y  i s  o b v io u s ly
r e g u la r  and c o rre sp o n d s  to  th e  s i t u a t i o n  d e s c r ib e d  i n  § 2 . 6 -
we can , th e r e f o r e ,  s e t
p. = ^  9 ( l )
where -  p i s  one o f th e  exponen ts a t  i n f i n i t y  i n  th e  u -p la n e .
I f  th e  g e n e ra l  s o lu t io n  o f Lame’ s e q u a t io n  i s  un iform
i n  th e  z -p la n e  th e n  from  § 2 .5 2  th e r e  must e x i s t  a t  l e a s t
one s o lu t io n  w hich i s  d o u b ly - m u l t ip l ic a t iv e  f o r .  th e  p a th s
r  and r  . Hence th e r e  e x i s t s  a t  l e a s t  one s o lu t io n  l~o~  ■ a” l “
o f L am e's e q u a t io n , V/(u) say , such t h a t  - •
r  _ :
. - . ¥ (u )  s W(u) , (2 )
r
a " l~and ¥ ( u )  -> s ’W(u) . (5 )
Combining e q u a t io n s  (2 ) and ( 3 )  we have
V x - V o -  ' V. W(u) -> s ' s  ¥ (u )  o '  (4)
pp.-
±Ôqp ±4-7Î}Vo pU sing th e  r e s u l t s  o b ta in e d  i n  § 2 ,7  s = e = e /*. and
±0p^ ±47tXp,s ’ = e ^ = e However, b ecau se  th e  e:coonents a t
u = 1 a r e  0 ,^  and any s o lu t io n  i s  u n a l te r e d  a f t e r  two
c i r c u i t s  abo u t u  = 1 , th e n  [W (u)]p -p = [W (u)]p
a“l ” l~b~ a"o"Thus we have t h a t
r  _ _a  oW(u) -» s ’ s ¥ (u )  , (5 )
i . e .  ¥ (u )  i s  m u l t i p l i c a t i v e  f o r  th e  p a th  r  _ _ w ith  p a tha~ o'"
f a c t o r  s ’ s*
Once a g a in  r e f e r r i n g  to  § 2*7 th e  p a th  f a c t o r s  f o r  F _ _ a re  
o f  th e  form  s  = e ^ = e ^ and hence
• ; .  “ ’ " 1 5 ,  ( 6 ,
where th e  ± s ig n s  a re  n o t  c o r re la te d *  From t h i s  we can 
e a s i l y  deduce t h a t  th e r e  m ust e x is t  a t  l e a s t  one ch o ice  o f 
th e  ± s ig n s  such t h a t  th e  fo llo w in g  e q u a t io n  h o ld s ,  nam ely,
1 Xq2 1 ^23 ^ 1^3 = 5 (7)
f o r  some in te g e r  m and th e  1 . s ig n s  s t i l l  u n re la te d *
E q u a tio n  (7) h a s  b een  o b ta in e d  under th e  h y p o th e is  t h a t  v 
i s  an i n t e g e r ,  i*e*  p i s  h a l f  an in te g e r  and i s  in  com plete  
agreem ent w ith  2*7(21) when p i s  o f t h i s  form* . R eference  
i s  made t o  [ 5,] p ,  270, f o r  i t  h a s  now been  shown th a t ,  th e
r e s u l t  g iv en  th e r e  d o es , i n  f a c t ,  in d ic a te  t h a t  th e r e  e x i s t s
f ,a  doub ly -m u l t  i p l  i  c a t  i  ve s o lu t io n  o f Lame’ s e q u a t io n  when tlie
exponen ts a t  ev ery  s in g u la r  p o in t  a re  in te g e r s  , (i* e*  i t
54-
i i i d i c a te s  th e  p o s s i b i l i t y  o f an  a l t e r n a t iv e  p ro o f  o f 
Herm ite* s r e s u l t ) *
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CHAPTER 4
V lo q u e t th e o ry  f o r  d o u b ly -p e r io d ic  e q u a t io n s
4 o l. In t r o d u c to r y  rem arks
A n a tu r a l  q u e s t io n  i s  to  a sk  how f a r  th e  F lo q u e t th e o ry  
[ 8 ]  f o r  s in g ly - p e r io d ic  e q u a t io n s  -  b r i e f l y  d is c u s s e d  in  
§ 1*2 -  can b e  ex ten d ed  to  d i f f e r e n t i a l  e q u a t io n s  whose 
c o e f f i c i e n t s ,  a re  d o u b ly -p e r io d ic  fu n c t io n s  w ith  p e r io d s
say*. • As .long ago a s  1877 H erm ite  [ 9 3 e s ta b l is h e d  th e  
r e m a r k a b le - r e s u l t  t h a t ,  i f  th e  g e n e ra l  s o lu t io n  o f  such a ., 
d i f f e r e n t i a l  e q u a t io n  i s  u n ifo rm  i n  th e  complex p la n e ,  th e n  ' 
t h e r e  e x i s t s  a t  l e a s t  one d o u b ly - m u l t ip l ic a t iv e  s o lu t io n  
u (z )  sa y , such t h a t
u (z + to )  S' su (z )  , u (z+ c i)’ ) s  s 'u ( z )  ( l )
f o r  a p p ro p r ia te  S j s ’ * Such a  s o lu t io n  can be  p u t  in to  th e  
form  ( In c e  [ l l 3  p .  3 77 ).
U (z) = : (2 )
where 0 ( z )  i s  th e  Ja c o b ia n  t h e t a  f u n c t io n ,  p and a  a re  
s u i t a b l y  chosen  c o n s ta n ts ,  and l?  (z ) ' i s  doub ly -p  e r io d ic  w ith , 
p e r io d s  I n  f a c t . s , s ' , p  and a  a re  r e l a t e d  a s  fo llo w s
e pCl) (5 a)
i.ri- § 2*51 th e  H erm ite  a n a ly s i s  was d e sc r ib e d  i n  d e t a i l ,  
i t  a p p lie d  to  th e  d o u b ly -p e r io d ic  H i l l  e q u a t io n .
.dS
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Üp t i l l  th e  p r e s e n t ,  th e  a n a ly s is  t h a t  fo llo w s  in  t h i s  
s e c t io n  a p p ea rs  to  he  th e  s o le  work w ith  a d i r e c t  b e a r in g  
on th e  problem  o f ex te n d in g  th e  F lo q u e t th e o ry .  Some o f 
th e  r e s u l t s  in  A rs c o t t  and Sleeman [ 5 3 were o b ta in e d  w ith  
■ ap p lica tio n  to  such e q u a t io n s  in  mind and we have a lr e a d y  
se en , § 3*4',. how, i n  th e  c a se  o f Lam e's e q u a t io n  f o r  v an 
i n t e g e r ,  t h a t . t h e  r e s u l t s  g iv en  i n  [ 3 3 co rre sp o n d  to  th e  
H erm ite  a n a ly s i s  when c o n s id e re d  i n  th e  u -p la n e , § 2 ,3 2 .
Tile e s s e n t i a l  d i f f i c u l t y  i n  e x ten d in g  th e  F lo q u e t 
th e o ry  l i e s  in  th e  fo llo w in g  f a c t :  an e q u a t io n  w ith
s in g ly - p e r io d ic  c o e f f i c i e n t s  can n o rm a lly  be  p u t  in to  a 
form  in  which th e  e q u a t io n  h a s  no s i n g u l a r i t i e s  i n  a s t r i p  
o f th e  complex z -p la n e  which in c lu d e s  a l l  th e  r e a l  a x is ;  • 
c o n se q u e n tly , th e r e  i s  no d i f f i c u l t y  in  c o n tin u in g  any 
s o lu t io n  a n a l y t i c a l l y  th ro u g h o u t t h i s  s t r i p ,  and th e  
com plete  a n a ly t i c  fu n c t io n  so. o b ta in e d  i s  s in g le -v a lu e d  
th e re *  Many e q u a t io n s  o f p r a c t i c a l  im portance  have , 
in d e e d , no f i n i t e  s i n g u l a r i t i e s  a t  a l l .
The s i t u a t i o n  i s ,  how ever,, q u i te  d i f f e r e n t  i n  th e  case  
o f  d o u b ly -p e r io d ic  eq u atio n s*  I n  th e  f i r s t  p la c e ,  a  
doub ly -p  e r io d ic  f u n c t io n  w ith  no s i n g u l a r i t i e s  i s  m ere ly  a  
c o n s ta n t ,  so t h a t  any doub ly -p  e r io d ic  e q u a t io n  which i s ,  n o t  
c o m p le te ly  t r i v i a l  m ust have an i n f i n i t e  number o f 
s i n g u l a r i t i e s  i n  th e  f i n i t e  p a r t  o f th e  p la n e .  M oreover, 
th e s e  s i n g u l a r i t i e s  canno t i n  any sense  be  b y -p a sse d  b ecau se  
doub le  p e r i o d i c i t y  i s  e s s e n t i a l l y  a  p ro p e r ty  w hich in v o lv e s  
th e  whole complex p lane*
. In.. o rd e r  t o  make p r o g r e s s ,  t h e r e f o r e ,  the . e q u a t io n s  in  
t h i s  s e c t io n  a re  r e s t r i c t e d  to  h a v in g  o n ly  one s i n g u l a r i t y  ■
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i n  each fim dam ental p e r io d -p a ra l le lo g ra m . On t i i i s  
a ssum p tion  we s h a l l ,  i n  f a c t ,  s u f f e r  no lo s s  i n  g e n e r a l i ty  
i f  we c o n fin e  ou r a t t e n t i o n  to  th e  à o u b ly -p e r io d ic  H ill- 
e q u a t io n , 1.1(15)° A fundam en ta l p a r t  in  th e  a n a ly s i s  i s  
p la y e d  b y  a  c e r t a i n  p a ra m e te r , v , w hich we c a l l  th e  . 
"exponent" o f th e  e q u a t io n  and th e  H erm ite th e o ry  a p p l ie s  • 
e s s e n t i a l l y  to  th e  c ase  when v i s  an i n t e g e r .  I n  th e  work 
t h a t  fo llo w s  we c o n s id e r  th e  e x te n s io n s  which can he made 
to  r a t i o n a l  v a lu e s  o f  v . W herever p o s s ib le  we s h a l l  
c o n s id e r  g e n e ra l r a t i o n a l  v a lu e s  o f b u t i n  some p a r t s  o f 
th e  th e o ry  i t  h a s  o n ly , a t  th e  p r e s e n t  tim e , b een  p o s s ib le  
to  o b ta in  r e s u l t s  f o r  p a r t i c u l a r  v a lu e s  o f  v a lth o u g h  th e  
r e s u l t s  do i n  f a c t  seem to  h o ld  more g e n e r a l ly .  The work 
i s  u n f o r tu n a te ly  of a  f a i r l y  i n t r i c a t e  n a tu r e  a s  m igh t be 
ex p ec ted  from  th e  f a c t  t h a t  no advances in  t h i s  d i r e c t io n  
have been  made f o r  n e a r ly  a  c e n tu ry .
4 .2 , Tlie c h a r a c t e r i s t i c  exponent
The d o u b ly -p e r io d ic  H i l l  e q u a t io n  i s  unchanged by
malcing a n e g a t iv e  h a l f - c i r c u i t  abou t th e  s i n g u l a r i t y/and th u s  a p p ly in g  a  s ta n d a rd  ty p e  o f  argum ent (E rd e ly i  C 7 ] 
C hap ter 3) *^ we can  show t h a t  th e r e  m ust e x i s t  a t  l e a s t  one 
s o lu t io n  o f  th e  d i f f e r e n t i a l  e q u a t io n  in  th e  neighbou rhood  
o f ih* (more p r e c i s e ly  0 < I z - i h M  < R -  m in(2K,2K’ ) )  
w hich on mailing a  n e g a t iv e  h a l f - c i r c u i t  about i n '  i s  
m u l t i p l i e d  b y  an a p p ro p r ia te  c o n s ta n t ,  say  o. . S v m b o lica lly ,
See a ls o  A rs c o tt  [ 4 ]  p .  162,
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t h i s  p r o p e r t y  m a y  b e  e x p r e s s e d  b y  t h e  a s s e r t i o n  t h a t  t h e r e  
i s  a  s o l u t i o n  w ( z )  s u c h  t h a t
w ( i K *  ( z  -  i h *  ) e " ^ ^ )  =  a v 7 . ( z )  • ( l )
C l e a r l y ,  t h e  s o l u t i o n  w ( z )  i s  d e t e r m i n e d  o n l y  u p  t o  a  . 
m u l t i p l i c a t i v e  c o n s t a n t .  T h e  c o n s t a n t  a ,  w h i c h  m a y  b e  
c o m p l e x ,  i s  d e t e r m i n e d ‘ a s  a  r o o t  o f  a  q u a d r a t i c  e q u a t i o n  o f  
t h e  f o r m
-  2 A o  - 1 = 0 .  ( 2 )
W e  n o t e  t h a t  t h i s  e q u a t i o n  i s  s i m i l a r  t o  1 . 2 ( 2 a )  e x c e p t  f o r  
t h e  c h a n g e  i n  s i g n  o f  t h e  c o n s t a n t  t e r m .  T h i s  c h a n g e  h a s ,  
i n  f a c t ,  r e s u l t e d  f r o m  d i f f e r e n t i a t i n g  t h e  f u n c t i o n  
, w ( i E '  4  ( z  -  i E '  a n d  t h e  f a c t o r  w h i c h  i s  i n c l u d e d .
. F r o m  e q u a t i o n  ( 2 )  i t  f o l l o w s  t h a t  i f  a  i s  a  r o o t  -  i s  
a l s o  a  r o o t  a n d  h e n c e  t h e r e  i s  a l s o  a  s o l u t i o n  A ( z )  ( s a y )  
o f  t h e  d i f f e r e n t i a l  e q u a t i o n  1 . 1 ( 1 3 )  s u c h  t h a t
w(iK< + • (3 )
. N o w  w e  i n t r o d u c e  t h e  e x p o n e n t  v ,  w h i c h  m a y  a l s o  b e  
c o m p l e x ,  b y  t h e  r e l a t i o n
a  =  ,  ( 4 )
w i t h  t h e  i m m e d i a t e  c o n s e q u e n c e  t h a O
_ 0-1 = g-C v+D iti (5 )
T h e  f u n c t i o n  ( z - i I C ‘ ) ~ ' ^  a l s o  h a s  t h e  p r o p e r t y  d e f i n e d  i n  ( l )
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and so th e  fu n c t io n  (z  « iK* ) ^v?(z) w i l l  n o t o n ly  he  a n a ly t ic  
in  0 < I z -  ilCM < R h u t  s in g le -v a lu e d  a lso»  M oreover w(z) . 
can have no s i n g u l a r i t i e s  i n  0 < I z -  iKM < H, so n e i th e r  
can (z  -  iK® )'^w(z) -  t h a t  i s  to  say  (z  -  i h '  ) \v ( z )  can he 
e x p re ssed  i n  th e  p u n c tu re d  c i r c l e  0 : 0 < 1 z iKM < R a s  a 
L au re n t s e r ie s »  However, i n  a  s im i la r  manner to  A rs c o tt  
[ 4 ]  P» 162, b ecau se  th e  d i f f e r e n t i a l '  e q u a tio n  1 .1 (1 5 )  i s  . 
u n a l te r e d  i f  ( z - i K * )  ( z - iK * ) e ^ ^  t h i s  L au ren t . s e r i e s
w i l l  o n ly  c o n ta in  even pow ers o f (z  - iK * )°  Hence we may 
w r i te  '
■ ■ ' ■ o o
or- w (z) = ( z - i K * ) ” '^  L C o^(z~ i3 I® ) • (6a)
AS im ila r ly  w (z) can  be  e x p re ssed  i n  th e  p u n c tu re d  c i r c l e  C
as  fo llo w s
A ' V-5-1 ^  Aw (z) = (z - iK ® )  f  Cp^( z iK® ) ^ .  (6b)
Because th e  L au ren t s e r i e s  i n  (6 a ,b )  o n ly  c o n ta in  even
Apow ers i n  (z  ^  iH®) th e  s o lu t io n s  w(z) and w(z) w i l l  be
Ain d ep en d en t i f  v i s  an i n t e g e r .  w(z) and w(z) w i l l ,  in  
f a c t , be  in d ep en d en t p ro v id e d  2v i s  n o t  an odd in te g e r .
We h a v e , th e r e f o r e ,  d e f in e d  v a s 'a n y  number such t h a t  th e r e  
e x i s t s  a  s o lu t io n  o f th e  d i f f e r e n t i a l  e q u a t io n  1 .1 (1 5 )  w ith  
th e  p ro p e r ty  o f b e in g  m u l t ip l i e d  by  exp(\m:i) on m aking a 
n e g a t iv e  h a l f  c i r c u i t  abou t iS®. T h is d e f i n i t i o n  i s ,  
however 5. im p re c ise  b ecau se  from ( l ) , (3 ) snd  (4 ) i t  i s  c le a r
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t h a t  a l l  th e  m mihers
4- 2k ■ 3 — — 1 4" 2k 5 C?)
where k  i s  any in t e g e r ,  a ls o  s a t i s f y  ou r d e f i n i t i o n .  We
th e r e f o r e  malce ou r s p e c i f i c a t i o n  o f  v. p r e c i s e  by  th e  
c o n d it io n
-  I  < (v ) ^  ; . (8 )
i t  i s  e a s i l y  seen  t h a t  p r e c i s e ly  one o f , th e  num bers in  (? )  
s a t i s f i e s  t h i s  c o n d it io n .
The exponent-V , now d e f in e d , i s  d e te rm in ed  u n iq u e ly  by  
th e  f u n c t io n  § (z) o f th e  d o u b ly -p e r io d ic  H i l l  e q u a t io n  
1 .1 (1 5 )  and i s  th u s  in h e r e n t  i n  th e  e q u a t io n ; . i n  g e n e ra l ,  
how ever, i t  does n o t  ap p ea r e x p l i c i t l y  in  th e  e q u a t io n .
The c a se  o f Lame® s e q u a t io n  1 .1 (1 4 )  i s  e x c e p tio n a l ,  because  
th e r e  i s  a  c lo s e  c o n n e c tio n  betw een v and v; g iv en  a s  
fo llo w s  . , ■
V s  v(m od.2) o r , V = - v - l ( m o d .2 )  ; , (9 )
1 1t h a t  i s ,  V i s  t h a t  number i n  th e  ran g e  (-'g ') ÿ  which d i f f e r s  
from  V o r « * v ~ l b y  a  m u l t ip le  o f  2 .
Ifiider th e  t r a n s fo rm a tio n  t  = sn s th e  d i f f e r e n t i a l  
e q u a t io n  1 .1 (1 5 )  becomes
(1 - t^ )  ( l - k ^ t ^ ) “— t(l+ k ^ -2k ^ t^ )% '+  ^ (t)w  = O ', (10)dt"-
where t  = s n z : .§ ( z )  = f ( t )  and l ( t )  i s  an i n t e g r a l  fu n c t io n  
o f t^o  I t  sh o u ld  b e  rem arked  a ls o  t h a t  v, a s  we have .
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d e f in e d  i t ,  i s  one o f th e  exponen ts o f th e  a lg e b r a ic  doub ly - 
p e r io d ic  H i l l  e q u a t io n  (lO ) a t  th e  s i n g u l a r i t y  t  == «  in  th e  
u s u a l sen se  o f t h a t  te rm  (s e e  e .g .  C7 3 p ,  SO).
The c ase  v -  ^  i s  somewhat e x c e p tio n a l ,  s in c e  th e n  (and
Ao n ly  th e n )  th e  s o lu t io n s  w(z) and w(z) may n o t  be l i n e a r l y  
in d e p e n d e n t, and th e  com plete  s o lu t io n  n e a r  z = iK® may ■ 
in v o lv e  a  lo g a r i th m ic  te rm . Hor t h i s  re a so n  in  what: fo llo w s  
t h i s  p a r t i c u l a r  v a lu e  o f  v h a s  b een  excluded  from  
c o n s id e r a t io n  i n  C hap ter 4  and d e fe r r e d  to  C hapter 5*
%
4 .3  R o ta t io n
T h ro u ^ o u t th e  rem a in d er o f  t h i s  s e c t io n ,  we s h a l l  adop t 
th e  fo llo w in g  n o ta t io n :  • ■
a = : . (1 )
and d e f in in g  w(z) and w (z) a s  i n  4 .2 ( 6 ) ,  we w r i te  f u r t h e r  ■ 
t h a t  .
A Aw(z -  2miH® ) = w ^(z) ,, w(z -  2miH® ) = w ^(z) j (2 )
A , A Aso t h a t  W q ( z )  = . w ( z ) ,  w ^(z) = w (z ); th u s  w^(z) 5 ,vj^(z) a re
d e f in e d  i n  0 < I z -  (2m-i-l)iE® I < R -  min (2K ,2K *). We
f u r t h e r  w r i te  W(z) f o r  th e  s o lu t io n  column v e c to r
W(z) s  (w (z) 3w (z)} (3 )
and s im i l a r ly  f o r  ,V.(, (^z) .
A
•m^“ ' ' "^^m
in d e te rm in a te  to  th e  e x te n t  o f  an a r b i t r a r y  c o n s ta n t
m
I t  sho u ld  b e  n o te d  t h a t  w _ (z ) , w „(z) a re  each
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m u l t ip le ,  so t h a t  W^^(z) i s  in d e te rm in a te  to  th e  e x te n t  o f 
p r e - m u l t i p l i c a t i o n  b y  an a r b i t r a r y  d ia g o n a l m a tr ix ,  
f i n a l l y ,  ■ we w r i te  H f o r  th e  m a tr ix
a 0 \ ■ / 0 \  :
M =
0 g-(v+l)TCi j ' (4 )
4 .4  The S h i f t  M a tr ix  T
The s o lu t io n  v e c to r  W^(z) which i s  d e f in e d  f o r  
0 < I z -  (2m+l)iK!* I < R, i s  g e n e r a l ly  n o t  p e r io d ic  and i s  no 
th e  same as  , v a l i d  n e a r  (2m-î-3)iK* « N e v e r th e le s s ,
th e s e  two s o lu t io n s  v e c to r s  do have a  common re g io n  o f 
v a l i d i t y  and so th e r e  w i l l  e x i s t  a  c o n s ta n t  " s h i f t  m a tr ix "  T 
w ith  th e  fo llo w in g  p r o p e r ty
. v b O , ,  = . . a )
b ecau se  o f  t h e  p e r io d ic  c h a r a c te r  o f § (z) ( 1 .1 ( 1 5 ) ) ,  th e  
m a tr ix  T i s  c l e a r l y  in d ep en d en t o f m and d o es , t h e r e f o r e ,  
n o t  c a r r y  a  s u f f i x . ‘ I t  w i l l  be  seen  t h a t  to  a  l a r g e  e x te n t ,  
ou r i n v e s t i g a t io n  depends on th e  n a tu r e  o f  th e  m a tr ix  T j u s t  
in tro d u c e d .
Row, b ecau se  o f  th e  symmetry o f th e  p o in ts  ± iK* w ith  
r e s p e c t  to  th e .  o r ig in  i n  th e  z -p la n e ,  and th e  f a c t  t h a t  § (z)
Ai s  even about z = 0 , W(~z) s [w('~z) , w ("z )) i s  a  s o lu t io n  
column v e c to r  v a l i d  f o r  0 < Iz + iK®! < R -  t h a t  i s  n e a r  -  iïî®  ^
However, from  4 .2 (6 a )
op,
w ( - z )  =:• ("TZ ~  iK *  S  C ( - Z  -  iK ®A.O—  OO
+ i K ') “ '^  E c (a  + x K > )^
_  rv-.
g*"VTCi , (2 )
and s im i l a r ly
w (-z). . = W_^(z) « , (3)
U sing th e  n o ta t io n  d e f in e d  in $ 4.3 we e a s i l y  o b ta in  t h a t
, W (-z) = ¥_^^(z) . (4)
But b y  th e  d e f i n i t i o n  o f T (e q u a t io n  ( l ) )  we, have
. ¥ (z )  = T ¥^^.(z) = T M ¥ (-z ) . (3 )
W ritin g  - z  f o r  z we have im m ed ia te ly  •
. W (-z) = ÏH W (z) = ( r a ) ^  W (-z) ,
azLd so ,(E I)^  = I  , . (6 )
I  b e in g - th e  u n i t  m a tr ix  o f o rd e r  2 . from e q u a t io n  (6 ) we 
can deduce t h a t  T m ust e i t h e r  be  o f t r i a n g u la r  o r of 
sym m etric form . ¥ r i t e
4  p (?)
Y
.. r -  ' ' ' " 6 4 .
where a , P , y , Ô a re  complex num bers. A .b r ie f  c a l c u l a t i o n ,  
shows t h a t  e q u a t io n  (6 ) w i l l  h o ld  i f  and o n ly  i f ;
-  Py = -  Py = 1 ? (8a)
P(a^cc-’ ô) -  y ( ,o ^ a - b )  = 0 . (8b)
We m ust, t h e r e f o r e ,  d i s t in g u i s h  two c a s e s , which a s  i t  w i l l  
b e  seen  do n o t each  g iv e  r i s e  to  th e  two form s o f T. These 
b o th  a r i s e  from th e  second c ase  c o n s id e re d .
' ' o  . Case I  : a a - ô  0 .
from  (8 b ) ,  p -  y = 0 and th e n  (8a) g iv e s
a  = ± d~‘^  , ' (9 a)
and Ô -  ± 0 . (9b)
There ap p ea r to  b e  fo u r  p o s s i b i l i t i e s  g iv en  b y  (9 ) b u t ou r 
i n i t i a l  a ssum p tion  ( a ^ a - ô  /  O) e x c lu d es two o f  t h e s e ,  and 
th e r e  rem ain  o n ly  tw o, nam ely
( X = e ^5  5 = — o ,  (lO a)
o r  a - * ” 0 ~ , ô - c r o .  (10b)
, i . e .  th e  o n ly  p o s s ib le - fo rm s  f o r  T a re
' ' p  o'
^0 — o (11)
T h is  c a se  d o es , how ever, p ro v e  to  bé^ in a d m is s ib le .  • f o r ,
i f  T = tlaen TM -  I ,  and from, e q u a t io n  (5 ) W(z) -  W (-z)'
A Aso t h a t  w(z) = w('~z) and w (z) = w (-z ) « . That i s  t o  say , .A .b o th  w and w a re  even f u n c t io n s  o f z ; s im i l a r ly  i f  .1 -  -M*"A ■ r .w and w a re  b o th  odd. But s in c e  f ( z ;  r s  even in  z , and 
2 = 0 i s  an o rd in a ry  p o in t  o f th e  d i f f e r e n t i a l  e q u a t io n  
1 .1 ( 1 5 ) ,  th e  u s u a l  th e o ry  o f l i n e a r  d i f f e r e n t i a l  e q u a t io n s  
shows t h a t  th e r e  canno t be  two even o r  two odd ind ep en d en t
' An o n - t r i v i a l  s o lu t io n s  ; th u s  one, a t  l e a s t ,  o f w, w i s  
i d e n t i c a l l y  z e ro . Thus/T  = ± w h ile  a  fo rm al s o lu t io n ,
o f (6 ) is , n o t  a d m is s ib le  a s  a  s h i f t  m a tr ix .
2Case I I : . e a  -  6. = 0 .
f o r  conven ience  we s h a l l  c o n s id e r  s e p a r a te ly  th e  c a se s
( i )  p = 0 and ( i i )  p /  0 .
( i )  I f  p = 0 th e n  from ' (8 a ) we have im m ed ia te ly  t h a t
OC = .  db . O ^ , (12)
and c o n se q u e n tly  , -
. Ô = ± a , r e s p e c t iv e ly .  (15) '
Thus T h a s . th e  form  ■ ' r
(14)
where, y i s  a r b i t r a r y .
( i i ) / I f  p 0 th e n  T can be p u t  in to  th e  fo llo w in g  form
T . d P \
ï - r -  O ^ a /
( 1 5 )
T his a p p a re n tly  in v o lv e s ; two p a ra m e te rs , a  and p, h u t  th e s e  
a re  n o t ,  i n  f a c t ,  on th e  ■ same, f o o t in g  f o r  w hereas a  i s  
in l ie re n t  i n  th e ; d i f f e r e n t i a l  e q u a t io n  th e  v a lu e  o f  p i s  i n  
a  sen se  d is p o s a b le ,  i n  t h a t  i t  can be  a d ju s te d  to  have any 
c o n v en ien t v a lu e .  We r e c a l l  t h a t  th e  s o lu t io n  v e c to r  W(z) 
i s  in d e te rm in a te  to  th e  e x te n t  o f  p r  e-mul t  i p l  i  c a t  io n  b y  an 
a r b i t r a r y  n o n -s in g u la r ' d ia g o n a l m a tr ix  D. I f  we p u t
W^(z) = D W (zy, = D W ^(z) (16)
th e n  ( l )  becomes .= T , where T'  ^ = DTD'^^, and , as.
b e fo r e ,  (T^'M)^ = I .  Thus w ithou t- l o s s  o f g e n e r a l i ty  T can
—1be re p la c e d  by  DTD w ith  an  a r b i t r a r y  d ia g o n a l m a tr ix  D.\
Suppose D = < ^1 )^2  ^ "^ben
\ (17)P a a
dq * .where p^ = ™ p  and so P" can  b e  g iv en  any v a lu e  by
2 . : 2 , -^2 : -a p p ro p r ia te  c h o ic e  o f  D. P ro v id e d  a ^  a we can  choose
D so t h a t  p^ ' =5 (a^ a^~ l)2  and o b ta in  a  c o n v en ien t sym m etric 
n o n -d ia g o n a l form f o r  T «=* i . e .
( IS )
which i s  un ique  ex cep t f o r  th e  two p o s s ib le  v a lu e s  o f  ■ . 
(o^cc^-l)^ and depends on th e  s in g le  p a ra m e te r a .  However,
. p 'i f  a, ' = 0*7 t h e n .b e c o m e s  u p p e r - t r i a n g u la r  a s  fo llo w s
T p\
............ ! ■.
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(19)
where p i s  a r b i t r a r y .  I t  i s  w orth  m en tio n in g  t h a t  i f  we
p e rm it te d  a P •—P0“ i n  (18) th e n  T d o es , i n  f a c t ,  red u ce  to
and t h i s  i s  th e  s p e c ia l  c ase  when p = 0 o r0 o|/Y = 0 i n  (19) and (14) r e s p e c t iv e ly .
Combining th e  r e s u l t s  g iv en  by  (14) , (18) and (19) we 
see  t h a t  th e  m a tr ix  T m ust be e i t h e r  o f  t r i a n g u la r  o r of 
sym m etric form ; p r e c i s e ly .
( i )
o r
T / a - l
a
/ o - l
h 0 /
(20a)
(20b)
where p and y a re  a r b i t r a r y ,  o r
( i i )
(o^d^-1)^ 0^a
(20c)
f o r  a r b i t r a r y  a  ( a  ± 0"* ) .
4 .5 - ' R a tio n a l v; th e  e x te n s io n  o f Hermite® s th e o ry
, Hermite® s th e o ry  a s s e r t i n g  th e  e x is te n c e  o f doub ly - 
m u l t i p l i c a t iv e  - s o lu t io n s ,  a p p l ie s  o n ly  to  th e  c a se  when - th e  
g e n e ra l s o lu t io n  o f 1 .1 (1 5 )  i s  un ifo rm ; t h i s ,  a s  can be 
seen , i s  t r u e  i f  and o n ly  i f  th e  c h a r a c t e r i s t i c  exponent . 
■'v “ 0 ( i n . t h e  L am e 'case , v i s  an  i n t e g e r ) .  Ho analogous
r e s u l t  f o r  o th e r  v a lu e s  o f  v h a s  been  found up t i l l  now.
The fo llo w in g  p a ra g ra p h s  d e s c r ib e  an e x te n s io n  to  th e  
c a se  when. V i s  r e a l , r a t i o n a l  and n o n -z e ro . I f  v .is  a 
r a t i o n a l  f r a c t i o n  i n  i t s  lo w e s t te rm s , say  v = th e n  we .
c u t th e  z -p la n e  i n  such a  manner t h a t  a  c lo s e d  c i r c u i t ,  i f  
i t  encom passes any s i n g u l a r i t y  a t  a l l ,  can encompass o n ly  
a m u l t ip le  o f m s i n g u l a r i t i e s .  One m ight hope t h a t ,  i n  . 
such c irc u m s ta n c e s , th e  g e n e ra l s o lu t io n  would be uniform  
. in  th e  p la n e  so c u t .  We s h a l l  show, how ever, t h a t  t h i s  i s  
n o t  t r u e  i n  g e n e ra l ,  and h o ld s  o n ly  i f  a c e r t a i n  c o n d it io n  
i s  s a t i s f i e d ,  w hich we s h a l l  e x p re ss  in  te rm s o f  th e  ; 
p a ra m e te r  o f th e  s h i f t  m a tr ix  T.
When t h i s  c o n d it io n  i s  s a t i s f i e d ,  how ever, . th e  H erm ite • 
• a n a ly s is  i s  q u i te  e a s i l y  ex tended  to  show th e  e x is te n c e  of 
d o u b ly - m u l t ip l ic a t iv e  s o lu t io n s  i n  th e  c u t p la n e ,  some o f 
w hich have i n t e r e s t i n g  s p e c ia l  p r o p e r t i e s .
4 .5 1  Tlie . u n ifo rm ity  c o n d it io n
.L e t V be a  r a t i o n a l  f r a c t i o n ;  v = ^/m where /^,m a re
• 1 1 qc o -p rim e , m > 2 and -  < v < g- ( th e  case  v = -g i s  c o n s id e re d
i n  C hapter 5) o L et a c u t be made in  th e  z -p la n e  .from iS® 
to  (2m -l)iK * , th u s  jo in in g  a c h a in  o f m s i n g u l a r i t i e s '  and . 
l e t  co n g ru en t c u ts  b e -a ls o  made (modulo 2K,2miK®) -  f o r  
, example a s  shorn, i n  f i g u r e  1 f o r  th e  case  m = 4 .
We.now examine th e  p o s s i b i l i t y  t h a t  th e  g e n e ra l 
s o lu t io n  o f 1 .1 (1 5 )  i s  un ifo rm  i n  t h i s  c u t p la n e .
- . C onsider th e  c u t jo in in g  i!v® to  (2m-l)iK® and a  p a th , 
w hich male es a  s in g le  p o s i t i v e  c i r c u i t  about i t  ( f ig u r e  2 ) .  ■
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To a s s i s t  th e  a n a ly s i s  we deform  b o th  th e  c u t and th e  p a th , 
s l i ^ t l y ,  so t h a t  th e  l a t t e r  c o n s i s t s  o n ly  o f s h i f t s  o f .j.. ' 
m agnitude 2iK* p a r a l l e l  to  th e  im ag in a ry  a x is ,  and c i r c u i t s  . 
abo u t in d iv id u a l  s i n g u l a r i t i e s .  f ig u r e  3 shows, f o r  
d e f in i t e n e s s ,  th e  c a se  m -  3 and i t  can be seen  t h a t  such 
d e fo rm a tio n s  w i l l  n o t  e f f e c t  th e  r e s u l t  to  be o b ta in e d .
W e .th e re fo re  c o n s id e r  th e  e f f e c t  o f c o n tin u in g  th e  s o lu t io n  
v e c to r  V (z) a lo n g  th e  p a th  ABGDSfGHIJA as shovm. in  f ig u r e  4, 
' We o bserve  f i r s t  t h a t  th e  s o lu t io n  v e c to r  l-L ( z ) , on
y .  . ' ' ^  :
malting a- c i r c u i t  abo u t (2m4>l)iE;® i s  m u l t ip l i e d  by
, g-2viti o \  : , /o '
\ 0 ^2vmi j \ 0 (1)
s t a r t i n g  w ith  W(z) ~ a t  A, i t s  a n a ly t ic  c o n tin u a t io n
a t  B i s  .1' (u s in g  4 . 4 ( l ) )  and a t  C i s W
»(m—i )
m-c:. ana
l a s t l y  a t  D i s  T  ^ "^m-l" '^be rem ark above th e  same
s o l i i t io n  .v e c to r  'becomes a t  E,
^ - (m - .l ) j j -2 ^  _ J, _ a t  G,m—c m—
T“ (m -l)(H '“2 l ) “"-2u^ a t  H, a t  I ,  :
J  and f i n a l l y  re t-u rn s  t o  A w ith, th e
v a lu e  T Thus th e  g e n e ra l  s o lu t io n
w i l l  be  un ifo rm  i n  th e  c u t p la n e  i f  and only, i f
tha.t. i s
T'
T
( 2 )
(3 )
y.. ;
We s h a l l . su b se q u e n tly  r e f e r  to  t h i s  e q u a tio n  a s  th e  
" u n ifo rm ity  c o n d it io n "  and i t  h o ld s  f o r  any in te g e r  m ( even 
o r odd), where v '= We now ask  w hether th e  m a tr ix  T,
a s  g iv en  by  4 .4 (2 0 )  w i l l  s a t i s f y  (3) and i t  w i l l  be  seen  ■ 
t h a t  i f  T h a s  e i t h e r  o f  th e  t r i a n g u la r  form s 4 .4 (2 0 a ,b )  t h i s  
w i l l  be  so f o r  any m. . But i f  T h a s  th e  sym m etric form 
4o4(20c) th e n  (3) can  o n ly  be  s a t i s f i e d  f o r  p a r t i c u l a r  v a lu e s  
o f  a .  • ■ The th e o ry  i n  t i i i s  c a se  h a s  n o t  been  e s ta b l is h e d  f o r  
g e n e ra l  v a lu e s  o f  m, b u t a c o n je c tu r e  i s  g iv en  which 
c e r t a i n l y  h o ld s  up to  m = 8 . T h is c o n je c tu re  i s  r e l a t e d  in  
an i n t e r e s t i n g  fa s h io n  to  th e  z e ro s  o f C hebyshev 'po lynom ials .
4o32 The c ase  when T i s  t r i a n g u la r
I f
th e n  c l e a r l y  ■
S =
-n
I
0
c ( a  -a. ) ,n
(1)
( 2)
p ro v id e d  a  /  d . I f ,  t h e r e f o r e ,  T i s  g iven  b y  e q u a t io n  
4o4(20b) -  f o r  th e  moment we s h a l l ,  p u r e ly  .fo r  conven ience  
r e s t r i c t  o u r s e lv e s  to  th e  p o s i t i v e  c a se  ~ th e n
/  "(m -1) 0
(3 )
p ro v id e d  a /  1 , w hich h o ld s  s in c e  v 0 and
2mNÏÏl“ l (4 )
Q 0-^
p ro v id e d  1 , which, means we m ust exclude th e ' c a se  m =■ 5* .
T h is  c a se  w i l l ,  t h e r e f o r e ,  h e  c o n s id e re d  s e p a r a te ly  and we '
' s h a l l  i n i t i a l l y  s t i p u l a t e  t h a t  m > 5 end c o n seq u e n tly  a ^  1 . . 
S u b s t i tu t in g  e q u a t io n s  (5 ) and (4 ) in to  th e  u n ifo rm ity  
c o n d it io n ,  we have
/( ,-(m -3 ) . 6 \  - 0 \
 ^ ggyf a - f a - q - c ^ - l ) . .^ - 3  "\ *=«1 / \ —b b /' G — 0 \ , a -  0-^  ■ /
y  ' (5) .
: w hich g iv e s  th e  fo llo w in g  th r e e  s im u ltan eo u s e q u a t io n s
. : o-(m -3) ^ c -3 (m -l)   ^ , (6 a )
7 :  : 4  . (6b)
0 -  a 0 ^ - 0^
0
R e c a ll in g  t h a t  0 =: e'^^^ and v = we have 0 ^  ™ 1 and th u s
e q u a t io n s  ( 6 a ,c )  a re  s a t i s f i e d  i d e n t i c a l l y  and (6b) becomes
... (7 ),1 - ^5 50 - 0  0 -^ -0 "^
w hich 'Can be  . ex o ressed . a s
7 4 .
T his e q u a t io n  i s  a ls o  s a t i s f i e d  i d e n t i c a l l y  and th u s  th e
I (T—1 0 \u n ifo rm ity  c o n d it io n  i s  s a t i s f i e d  by  T = .■ ^1 f o r  a
p ro v id e d  m > 3° ,
I n  th e  s p e c ia l  c a se  m = 3* e q u a t io n  4 °51 (3 ) becomes
= (M ^T)^ , (9 )
and (M~^T)^ = 1  (10 )
[^yCo-i-o^)
w hereas = 1’ » , (11)
n
However, s in c e  m = 3> e^ = 1 and e q u a t io n s  ( 9 ) ,  (10) and 
(11) w i l l ,b e  s a t i s f i e d  p ro v id e d  ‘
a^) = Y(0 e^) > .
o r Y 0 (l-o ^ )( l+ 2 o ^ )  = 0 , ' (12)
and t h i s  i s  o n ly  p o s s ib le  i f  y = 0 . Hence, f o r  th e  case  
m -  3 th e  s h i f t  m a tr ix  T o f  th e  form T = ( y ^ can o n ly
s a t i s f y  th e  u n ifo rm ity  c o n d it io n  4 .5 1 (3 )  i f  Y = 0 ,
/ 0 \I f  we assume t h a t  T = j th e  same a n a ly s is
a p p l ie s  to  show t h a t  e q u a t io n  4 .5 1 (3 )  i s  s a t i s f i e d  f o r  
a r b i t r a r y  y when m > 3 (v  = *^/n) b u t o n ly  when y = 0. i f  
m = 3 . I f  T i s  u p p e r - t r i a n g u la r  a s  g iven  b y  e q u a t io n
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4o4(20a) th e  same r e s u l t s  a p p ly  w ith  y re p la c e d  "by p.
I n  c o n c lu s io n , t h e r e f o r e ,  i f  th e  s h i f t  m a tr ix  T i s  
t r i a n g u l a r ,  th e n  f o r  m >. 3 , th e  u n ifo rm ity  c o n d it io n  4 ,3 1 (5 )  
w i l l  alw ays be s a t i s f i e d ,  b u t  i f  m = 3 e q u a t io n  4 .3 1 (3 )  w i l l  
o n ly  be  s a t i s f i e d  i f  T re d u c e s  to  one o f th e  d ia g o n a l 
m a tr ic e s
' / a " ^  0 \  'T = ± \ . (13)r • V
I f  T i s  a s  g iv en  i n  4 ,4 (2 0 b )  th e n  we can  ‘e a s i l y  deduce
from  e q u a t io n  4 ° 4 ( l )  t h a t  th e  s o lu t io n  w (z) w i l l  be
m u l t i p l i c a t i v e  f o r  an in c r e a s e  o f  2iE® , w ith  p e r i o d i c i t y  . 
—1f a c t o r  ± a~ , and f u r t h e r  s in c e
L i  o \   ^ i
' • 5 ™ = ? , ' (14)
y OY ^  1 j : .
and r e c a l l i n g  t h a t  W (-z) = TM\'-J(z), w(z) v / i l l  be e i t h e r  even
Ao r odd. I f  T i s  up p er t r ia n g u la r "  a s  in  4 ,4 (2 0 a )  th e n  w(z) 
w i l l  be  m u l t i p l i c a t i v e ,  2iK* , w ith  p e r i o d i c i t y  f a c t o r  ± o  
and e i t h e r  odd o r  even r e s p e c t iv e ly .  f o r  th e  p e r io d  2miK® 
th e n , a c c o rd in g  a s  I  = ^ 0^  o r  T = , w(z)
o r  w (z )} r e s p e c t iv e ly ,  w i l l  be  m u l t i p l i c a t iv e  b u t i n  each 
c a se  th e  p e r i o d i c i t y  f a c t o r  i s  ?  1 .  In  th e  s p e c ia l  case  
m = 3 ) 1  re d u c e s  to  t h e . sym m etric form g iv en  by  e q u a tio n
A(13) and w(z) and w(z) a re  b o th  m u l t i p l i c a t iv e  s o lu t io n s  .
■ -1 'f o r  th e  p e r io d . 2iK®, w ith  p e r i o d i c i t y  f a c t o r  ± 0  , l  o,
r e s p e c t iv e ly .  fu r th e rm o re , s in c e  Hi , w(z) i s
even and w(z) odd o r  w(z) odd and w(z) even. f o r  th e  
p e r io d  6iK® th e y  a r e ,  o f  c o u rs e , m u l t i p l i c a t i v e . w ith  th e .
V : . ' '/ 7 6 .
same p e r i o d i c i t y  f a c t o r ,  ( î l ) ,  and c o n se q u e n tly  th e  g e n e ra l 
s o lu t io n  i s  m u l t i p l i c a t iv e  f o r  th e  p e r io d  6iIC® , and i s  in  • 
f a c t  p e r io d ic  w ith  p e r io d  12iE®, p o s s ib ly  w ith  p e r io d . 6iE® 
N a tu r a l ly ,  th e s e  c o n c lu s io n s  o n ly  h o ld  when' T h as  one 
o f th e  t r i a n g u la r  form s 4 .4 ( 2 0 a ,b ) , t h e ’ sym m etric form  : 
4o4(20c) h a s  now to  b e  c o n s id e re d .
'4-053 The case  when T i s  sym m etric ' -
, We n o w " in v e s tig a te  th e  p o s s ib le  form s o f T i f  th e  
g e n e ra l  s o lu t io n  o f  1.1(15) i s  un ifo rm  in  th e  c u t  p la n e  and 
T i s  assumed to  be a s  g iy en  b y  4-.4-(20c). I t  w i l l  be  shovm. 
t h a t  th e  u n ifo rm ity  c o n d it io n  w i l l  o n ly  be s a t i s f i e d  f o r  ' 
c e r t a i n  v a lu e s  o f  th e  p a ra m e te r  a .  I n i t i a l l y ,  : we examine 
some p a r t i c u l a r  r a t i o n a l  v a lu e s  o f  v and examine th e  case  
when V i s  a  g e n e ra l r a t i o n a l  f r a c t i o n  subsequently-, ■ s in c e  ’ 
t h i s  in v o lv e s  a , so f a r ,  unproved  c o n je c tu r e .
4 . 55 i Case v = I: % . ■ ■ .
■ ' ^
Row m == 5 and th e  z -p la n e  i s  c u t from IE ' to  5iE7',and 
c o n g ru en t p o in ts  (mod 2K,-6iX*). , The u n ifo rm ity ; c o n d it io n
becomes .. ... , . . . .  . : \  .
' / ' ’ 7 r f  = : (H"2î)2, ; ( l )
W ith th e '; 's h i f t  m a tr ix  T ,o f  th e  form  4 .4 (2 0 c )  we f in d  a f t e r  
c o n s id e ra b le  te d io u s  w o rking t h a t  ■ ■' '
• O ’ oT*- I ■ ■ (c^ o:^ -l)^ (o +^l)d \ , . î ’
( o^a^-1) ^  ( 0?+ 0^) a  ,
■ 7 \
a n d
y ( a^a^-1  ) ^ ( 0^4-1 ) a
(0 2 g (2 _ l)& (g -\g 2 ) \
.. . cf^a^-l4-o®a^y
7?
, ( 3 )
80 th e  f o u r  e q u a t i o n s
a (  0^oc^-l)^( 0 ^-i-l) 
0^4-1)
-  o” 2 + y
a (o 2 y _ i)& (g " -U o ^ )  
a C < J ^ f - l) ‘HcJ®+l) ,
P P 8  P0  cc — 1  *1* 0  a  ,
( 4 a )
( 4 b )
(4c)
( 4 d )
m u s t  a l l  hold*
I t  i s  e a s i l y  s e e n  t h a t  ( 4 b )  h o l d s  i f  a n d  o n l y  i f  a  =  0  
o r  a  =  1  0““^3  b u t  i f  a  =  0  th e n  ( 4 a )  i s  n o t  s a t i s f i e d  
. ( s i n c e  0 ^ ;  ^ l ) .  H o w e v e r ,  f r o m  th e  a s s u m p t i o n  r e g a r d i n g  
t h e  s y m n i e t r i c  f o r m  o f  T  K  0  ^  and s o  i n  t h i s  c a s e  t h e  ; 
f o u r  e q u a t i o n s  c a n n o t  b e  s a t i s f i e d  b y  a n y  v a l u e  o f  a  w h i c h  
l e a d s  t o  a  n o n - t r i v i a l  s y m m e t r i c  f o r m  o f  I .  In d ee d , i f
■ a  =  0**^^ t h e  n o n - d i a g o n a l  e l e m e n t s  i n  I  v a n r s h  a n d  - w e
r e d u c e  t o  t h e  d i a g o n a l  f o r m  w h i c h  h a s  a i r e a n y  b e e n  
c o n s i d e r e d  ( §  4 . 5 2 ) .  ■
W e  h a v e  a l r e a d y  v e r i f i e d  i n  §  4 . 5 2  t h a t  i f  ;
V  =  ±  i -  ( m  =  5 )  t h e n  t h e  f o r m s  o f  Ï  4 . 5 2 ( 1 3 )  s a t i s f y  t h e
^ , ■- 
. u n i f o r m i t y  c o n d i t i o n  ( l )  i n  t h i s  c a s e  b u t  t n e .  a b o v e
c a l c u l a t i o n  s h o w s  th e  m o r e  i m p o r t a n t  a n d  l e s s  o b v i o u s  f a c t
t h a t  t h e s e  a r e  t h e  o n l y  f o r m s  o f  T  s a t i s f j u n g  ( l ) .  i i e n c e
■ i f  t h e  g e n e r a l  s o l u t i o n  o f  1 . 1 ( 1 5 )  i s  u n i f o r m  i n  th e  c u t  
p l a n e  t h e n  t h e  s o l u t i o n s  w ( z - )  a n d  w ( z )  m u s t  h a v e  t h e
. . ' . 7 8 .
m u l t i p l i c a t iv e  p r o p e r t i e s  d e s c r ib e d . i n  th e  l a t t e r  p a r t  o f
§ 4 o 5 2 .
4.532 Case \) = 1 ,1  '
The cu ts , a re  nov/ made from iE* to  7iR* and c o n g ru e n tly  
(mod 2I{,8iE® ) ,  each c u t c o v e r in g , t h e r e f o r e ,  4  s i n g u l a r i t i e s '  
(F ig u re  l ) . • The u n ifo rm ity  c o n d it io n  4 .5 1 (3 )  becomes
■ T^ r f  = ( r r ^ T ) ^  , (1 )
and a f t e r  c o n s id e ra b le  a r i th m e t ic a l  work we o b ta in
?  o%2 0 ^ a^ 2  o^d+ o^oc ( a ^ a ^ l  )^( (f^a% 2ccl \o 'a '
(^ c ^ a ^ l ) ^ ( o^a^2o^oc^0% )  a5»a‘^ a*J*2a^cc^2a+a\(^ i
(2 )and
„  ,  I a^aP-i-ZaP-Za^a^o^aP-a^a. ( o ^ a^ lF C  o(M“2 i ) 3  =
\ ( o ^ c c ^ l F ( t 2 o % a^+2o^a^~2a\-i-a^^a?-â^a.,
(3 )
and th e  fo u r  e q u a t io n s  w hich m ust a l l  be s a t i s f i e d  
s im u lta n e o u s ly  a r e ,  th e r e f o r e ,
o^a"^+2 2c^a+ c^a  ,= a"^a^+2a^'-2 o oc , (4a)
( o^cA l )^( a"^oc% 2al o^^^o^a^) = ( o ^ a ^ l)^ (  c " ^ c c ^ 2 o c ' ^ '
• ■(4b)
( o ^ a ^ l ) ^ ( 0 ^ a ^ 2 o ^ a = ( o ^ a ^ l)^ (  c ~ ^ a ^ 2 ) ,
(4 c )
a ? ^o ‘'‘^ a ‘i-2.o^aP-2a-i-o^aP ~ +2c ^ a ^ - 2 c " ^ a  . (4d)
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Row s in c e  m = 4  (v  = ± ■^ ) 0^ = 1 , end e q u a t io n s  (4 b ,c )  a re  
o b v io u s ly  s a t i s f i e d  f o r  a l l  a .  E q u a tio n s  (4 a ,d )  can be  
a rra n g e d  to  g iv e
and
a ^ ( 0 ^ - l )  = a ^ a ( l  -  0*^ ) 
0^oc^(0^ - 1) -  a ( 0 ^ - l )  o
(5a)
( 5b)
S 4S ince  0 -  1 and 0 = - 1  th e s e  b o th  red u ce  to  th e  same
e q u a t io n , nam ely,
a (a ^  -  o~^) = 0 o (6)
P —PRow th e  p o s s i b i l i t y  a~~ -  0~ = 0  m ust be excluded  s in c e  t h i s
does n o t  y i e l d  a  sym m etric , n o n -d ia g o n a l To The on ly  
p o s s i b i l i t y  a r i s i n g  from  ( 6 ) . i s  a  = 0 , w hich le a d s  to  th e  
p o s s ib le  form s o f th e  s h i f t  m a tr ix  T,
T = 1 E
where ' Î
(7 a )
(7b)
2 •and we o b se rv e  t h a t  E 1 -  f  .
To sum :Up, th e r e f o r e ;  from  ( § 4»52) th e  two t r ia n g u la :  
f o r m s ■ . , ■
■ ■ • . ' . T = . i
and th e  sym m etric form  (7 ) a l l  s a t i s f y  c o n d it io n  ( l )  end 
th e s e  a re  th e  o n ly  form s o f T to  do so .
p ' ) T = j: r o' -
7 V , ,
I f  T  = ± E, w (z) and w (z) a re  n o t  m u l t i p l i c a t iv e  f o r  
p e r io d  2iE® b u t th e y  a re  b o th  m u l t i p l i c a t iv e  f o r  p e r io d  
4-iE® w ith  th e  same f a c t o r  - 1 .  C onsequen tly  in , t h i s  case  
th e  g e n e ra l  s o lu t io n  i s  m u l t i p l i c a t iv e  f o r  p e r io d  4-iE® w ith  
p e r i o d i c i t y  f a c t o r  - 1  and i s  .p e r io d ic , w ith  p e r io d  8iE®.
I f  T i s  t r i a n g u l a r  th e n  a s  a s s e r te d  i n  § 4 .5 2 , e i t h e r  
w(z) i s  even o r odd and m u l t i p l i c a t iv e  f o r  p e r io d  2iE® . w ith
_ 1  Ap e r i o d i c i t y  f a c t o r  ± o" , o r w (z) h as  t h e ’ same p r o p e r t i e s  b u t  
w i th  p e r i o d i c i t y  f a c t o r  l a .
I n  c o n c lu s io n , th e r e f o r e ,  i f  th e  g e n e ra l s o lu t io n  of 
th e  doub ly -p  e r io d ic  S i l l  e q u a t io n  i s  un ifo rm  i n  th e  c u t 
.p la n e  w ith  c u ts  from  iE® to  7iE® and congrue n t ly  ,
(mod 2E,8iE® ) ,  t h e r e  m ust e x i s t  one . s o lu t io n  w hich i s  
m u l t i p l i c a t i v e  f o r  p e r io d  4iE® and i s  p e r io d ic  w ith  p e r io d  
16iE* ( p o s s ib ly  w ith  p e r io d  8iE® ) .
4o54 V = ,^ /5>)_ V " and f u r t h e r  c a se s
-For a  g e n e ra l  v a lu e  o f  v -, m > 3 we have a lre a d y
e s ta b l is h e d  t h a t
/a"^  0 \  /o " ^
and T “ i
Y 0 0
s a t i s f y  th e  u n ifo rm ity  c o n d it io n  4 .3 1 (3 )  f o r  a l l  in te g e r s 'm  
and a r b i t r a r y  v a lu e s  of, P and y. In  th e  c a se  m = 3 ue
h av e , n e c e s s a r i l y ,  p = y = 0 and b o th  th e  above m a tr ic e s
red u ce  to  th e  same d ia g o n a l form .
, I f  T = ± E and m i s  even , m = 2R say , th e n  th e .
lu i i fo rm ity  c o n d it io n  becomes
.. 8 1 .
j^2R-lj,^2 ^ ^jq-2q-^2R~l  ^ (1)
However, s in c e  Iv  ^ = “=• I  and = -  I  t h i s  e q u a tio n
becomes -
\= , (2 )
which i s  s a t i s f i e d  i d e n t i c a l l y .  F or th e  c ase  when m i s  odd,
m = 2R 1 , say , th e  c o n d it io n  4 .3 1 (3 )  becomes
k2®m2 = . (3 )
g _P PR e c a l l in g ,  once, a g a in , t h a t  K = I  and (Ii K) = -  I  
e q u a t io n  (3) g iv e s
. ( - ) % 2  _  ^ (4 )
p *which i s  im p o ss ib le  s in c e  o ^ 1 .  Hence i f  T = ± E th e  
u n ifo rm ity  c o n d it io n  i s  s a t i s f i e d  when and o n ly  when m i s  even 
The q u e s t io n  now a r i s e s  a s  to  w hether th e r e  a re  any 
o th e r  sym m etric, n o n -d ia g o n a l m a tr ic e s  T s a t i s f y in g  th e  
u n ifo rm ity  c o n d it io n ;  t h i s  i s  n o t  y e t  Icnown i n  th e  g e n e ra l 
c a se  b u t we now show t h a t  f o r  m -  3 and m = 6 th e r e  a re  no 
such m a t r ic e s .
For th e  c a se  m = 3 (0"^  = l ) ,- a s s u m in g  T i s  o f sym m etric 
.form  4 . 4 (20c) w ith  th e  u n ifo rm ity  c o n d it io n  4 .3 1 (3 )
g iv e s  th e  fo llo w in g  fo u r  s im u ltan eo u s e q u a t io n s , nam ely,
3 0^a'^^-3 -2-3 0^a"^-4 0“ -Î-
. = o^a% 3o® a^-3o^aV 3ch^-4a^a^+ l-i-aU a® a^ , (pa)
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( ^ +$a^'-'2 o^a+3 a^-2o:+ o,  ^)
= ( o‘^ a^““l ) ^ {  a8(x^-h3a^a^*«2a^a-f3a‘a^'-2a^o:-i-a^} 5 (5b)
. =  ( a^a^«-l)~ '^Ca^a^*5'5cJ^cc^“'2(X+3c7^o:^™2o^a+0‘a^) , (5 c)
oc%3G^a^-4<%^+3G'^a^-5o^a^-G^a^+G^4.a^a^
= G^a^-o^a^+3G^a^-4.o^a^+3cc'^-5o^a^+o^a^+l . (5&)
E q u a tio n  (5b) can  be  r e - a r r a n g e d  to  g iv e  (u s in g  th e  f a c t  
t h a t  = l )
2 a (o ^a^—l) ^ '^ ^ ( l “-a^) ( l —a^) = 0 , (6 )
? 6 ;Now s in c e  m = 5 , c / I ,  o p 1 , and s in c e  T i s  n o t  ;
ç> od ia g o n a l (hy  h y p o th e s is )  a^a /  1 , so t h i s  e q u a t io n  can o n ly  
h o ld  i f  cx = 0 , b u t  t h i s  does n o t  s a t i s f y  e q u a t io n  (5 n ) .
Thus f o r  th e  c a se  m = 5 th e  u n ifo rm ity  c o n d it io n  canno t be , 
s a t i s f i e d  h y  a sym m etric , n o n -d ia g o n a l form f o r  1 . *
I f  m = 6 (a^  = - l )  th e  c o rre sp o n d in g  fo u r  s im u ltan eo u s 
e q u a t io n s  a re
3o'^a^-5c^(X^-6(x^-9o^a^4-3o^a = 3 o^a5-6cc^-3o 'a  , (7 a)
; ' - C/b)
• (a^a^-l)2'{3cx^-5-5a'^a'^-3a^cc'^-3a^a^} = ( c^a“- l) ï{ 6 a ^ '^ 6 a ‘^ a'^} ,
V ' (7 c)
3cc' '^ '^5c!^ os '^”3a‘”Sa‘^ a^+9c‘"a^ =. 3c^a^-6cc^-3c 'a  . (7n)
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(7b) g iv e s  ( s in c e  /  O ),
a ^ { a ^ ( l  + o^)^ 4- ( a ^ ~ a ^ - ,2 ) }  = 0 , (8 )
which, b ecau se  a = - - becomes
a ^ { a ^ ( l  4-a^ )^  a '^ (l-f  cj8 )2 j = o , (9 )
or a^G~^(l + G^)^(G^a^ - 1) = 0 . (10)
E q u a tio n  (8 ) o n ly  h a s  one p o s s ib le  s o lu t io n ,  nam ely a  <= 0 , 
and i t  i s  e a s i l y  seen  t h a t  a l l  e q u a t io n s  (? )  h o ld  f o r  a  = 0 . 
Hence th e  u n ifo rm ity  c o n d it io n  4-p51(5) w i l l  o n ly  be s a t i s f i e d  
by  a  sym m etric , n o n -d ia g o n a l, 1 o f th e  form 1 = îK»
I n  c o n c lu s io n :-  i f  m = 6 th e n  th e  o n ly  p o s s ib le  
n o n - t r i v i a l  s o lu t io n s  o f  4-o5l(3) s r e  th e  t r i a n g u la r  form s, o f 
I  (4 p d (2 0 a ,b ))  and I  = 1K„ However, i f  m = 5 th e  sym m etric, 
n o n -d ia g o n a l , form  I  = IH , i s  e x c lu d ed p We have a lre a d y  
shown t h a t  i f  m = 4  th e  o n ly  p o s s ib le  n o n - t r i v i a l  s o lu t io n s  
o f  4o51(3) a re  th e  t r i a n g u la r  form s o f  I  and I  -  ±IC, w h ile  
i f  m = 3 th e  sym m etric, n o n -d ia g o n a l, form I  = ±Ii i s  once 
a g a in  ex c lu d ed . I t  seems re a s o n a b le  to  c o n je c tu r e ,  
t h e r e f o r e , . t h a t  t h i s  p a t t e r n  i s  r e p e a te d  f o r  g e n e ia l  v a lu e s  
o f  m, nam ely t h a t  th e  o n ly  s o lu t io n s  a re  th e  t r i a n g u la r  
form s o f I  when m i s  odd, and th e  t r i a n g u la r  form s to g e th e r  
w ith  th e  sym m etric form s I  = 1 E when m i s  even» A lthough 
i t  h a s  n o t  been  p o s s ib l e ,  a s  y e t ,  to  con firm  t h i s  r e s u l t  a 
p o s s ib le  app roach  i s  in d ic a te d  by  th e  m ethod d e s c r ib e d  in  
th e  fo llo w in g  p a ra g ra p h s  « '
■As re g a rd s  th e  p e r io d ic  p r o p e r t i e s  o f th e  s o lu t io n s  
A J:. _ ■w (a ) , w(z) w ith  r e s p e c t  to  th e  p e r io d s  2iH ' ,4iIC\ ana 2miIC* ,-
i t  i s  easy  to  co n c lu d e , t h a t  f o r  th o s e  v a lu e s  o f  m (>2) f o r  ' 
which th e  c o n je c tu r e  i s  v a l i d ,  th e  g e n e ra l r e s u l t  i s  a s  
fo llo w s :- .
■ . , I f  m i s  odd th e n  th e r e  e x i s t s  one s o lu t io n  which i s
m u l t i p l i c a t iv e  f o r  2±¥J and i s  e i t h e r  even o r odd. T his 
s o lu t io n  i s  b a s i c a l l y - p e r i o d i c , p e r io d  2miK* » I f  m i s  
even th e r e  e x i s t s  one s o lu t io n  which i s  m u l t i p l i c a t iv e  f o r  
4 iK ‘ ( p o s s ib ly  2iK ,0 and once a g a in  t h i s  s o lu t io n  i s  
b a s ic  a l l y - p e r i o d i c , p e r io d  2m iK '.
4 ,3 3  C anon ical r e d u c t io n  o f th e  u n ifo rm ity  c o n d it io n  
when T i s  sym m etric and n o n -d iag o n a l
Our o b je c t  now i s  to  c o n s id e r  th e  p o s s i b i l i t y  o f 
s a t i s f y in g  th e  u n ifo rm ity  c o n d it io n
. g f - V  = (1 )
b y  a sym m etric, n o n -d ia g o n a l T o f th e  form
a  ( a ^ a ^ - l)2
o a
(2 )
where . To do t h i s  we make use  o f  th e  reducL ion
o f T and ï-r^T to  Jo rd an  form ; such re d u c t io n  depends,
■ ■ ""'2 how ever, on w hether th e  l a t e n t  r o o t s  o f T a n d /o r  H , T a re
d i s t i n c t  o r c o in c id e n t .
I n  t h i s  p a ra g ra p h  we in tro d u c e  some f u r t h e r  n o ta t io n
and in  p a ra g ra p h s  4 .351? 4 .552  and 4 .555  snow rhau  i i
th e  l a t e n t  r o o t s  o f e i t h e r  (o r  b o th )  th e  m a tr ic e s  T and
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H” T ar.é c o in c id e n t ,  th e n  no n o n - t r i v i a l  s o lu t io n s  o f th e  
u n ifo rm ity  .c o n d itio n  ( l )  a re  o b ta in e d . The .way i s  th e n  
c le a r  f o r  u s to  e f f e c t  th e  n e c e s s a ry  r e d u c t io n  o f  ( l ) ,  which 
we do i n  § 4*554.
Let, u s in tro d u c e  th e  q u a n t i ty  0 th e  r e l a t i o n
where 0 can  b e  complex and such t h a t  0 ^  R^(6)  ^  tc. Then 
th e  s h i f t  m a tr ix  T becomes . i
: T = . - ■ 1 . (3 )± 1 S in  0 0 cos 0
where s in  0 /  Oo The l a t e n t  r o o t s  o f (5 ) a re  g iv en  by  
. ( 0 o“ ^ )4  cos 0 + 1  = 0 ,
1.00 2X cos VTE co s 0 4 1 = 0 o , (4 )
I f  f u r t h e r  we l e t  cos /  = cos vfc cos 6 , where 0 ^  n : ,
th e  r o o t s  o f (4 ) a re  c l e a r l y  e^^ and e~^^. L e t ..
. , - = e^^  and X^ = e~^^ , (5 a ,b )
th e s e  l a t e n t  r o o t s  w i l l  be  d i s t i n c t  p ro v id e d  /  /  0,m . ■ In  ,, 
what fo llo w s  we s h a l l  o n ly  c o n s id e r  ■
( 6 )
X s in  d
X s in  d 0 cos
and r e t u r n  to  th e  o th e r  c a se  in d ic a te d  hy  (3) l a t e r  
S im i la r ly  th e  l a t e n t  r o o t s  o f  th e  m a tr ix
cos 0 „■ _-2
r:) i a ” s in  0
ia ^  s in cos 0
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(? )
s a t i s f y  th e  q u a d r a t ic  e q u a t io n
X 2X cos 3v3X cos 0 + 1  = 0 (8 )
and i f  cos ^ co s 3 v î c  c o s  0 ,  0  ^  E / ^ ( i ÿ )  ^  t t ,  th e  r o o t s  a re  
g iv en  hy
X1 and X, = e (9 a ,h )
These l a t e n t  r o o t s  w i l l  he  d i s t i n c t  i f  ù /
We have p r e v io u s ly  shovm. t h a t  i f  th e  m a tr ix  T i s  o f 
sym m etric , n o n -d ia g o n a l , fo rm , th e n  f o r  m = 3 5 the- '
im ifo rm ity  c o n d it io n  4 .3 1 (5 )  canno t he  s a t i s f i e d ,  
n o n - t r i v i a l l y ,  w h ile  f o r  m = 4  o r 6 c o n d it io n  4 .3 1 (3 )  w i l l  
he  s a t i s f i e d  i f  and o n ly  i f  a  = 0 . I f  a  = 0 , th e n
cos 0 = 0 , Xj = Xg = i  and X^  = Xg = 2 so t h a t  th e
-~pl a t e n t  r o o t s  o f T and M, T a re  each  d i s t i n c t .  . In  
§§ 4.331 “ 4 .3 3 3  i t  i s -o n ly ,  n e c e s s a ry , t h e r e f o r e ,  to  
c o n s id e r  m > 6 ,
4.331 I m p o s s ib i l i ty  o f eo ual l a t e n t  r o o ts  f o r  b o th  T and M ^T
The m a tr ic e s  T and M. T w i l l  have equal l a t e n t  r o o ts  
i f  th e  fo llo w in g  e q u a t io n s  b o th  h o ld
; ' ■ : .  ■ ■ , . ' 8 7 .
cos 3vTî C OS  0 ' ± 1 3 . (lO a)
cos vm cos 0 = d: 1 3 (lO b)
where th e  4 s ig n s  a re  in d e p e n d e n t. Erom th e s e  e q u a t io n s  we 
have two d i s t i n c t  c a se s  g iv en  by-
cos VTÏ •- cos 3\n% 3 . ( l i a )
o r cos v7t , = -  cos 3vTC * (11b )
E q u a t io n ' ( l i a )  c l e a r l y  g iv e s
cos VTÏ = 4 cos^vTt -  3 cos Vît 3 (12)
which i s  im p o ss ib le  s in c e  V = (in > 6) .  E q u a tio n  ( l i b )  
becomes
cos v ît(cos Vît- 2). = 0 3 (13)
_2w hich, once a g a in , canno t h o ld . The m a tr ic e s  T and Ii T 
' c a n n o t, t h e r e f o r e ,  s im u lta n e o u s ly  have equal l a t e n t  r o o t s ' 
The same c o n c lu s io n  fo llo w s  i f  we c o n s id e r
cos 0 -  i  s in  0T = I I . (14)- i  s in  0 a cos 0
4o 332 La te n t  r o o t s  o f T a re  equal and th o se  o f i f  '~T d i s t i n c t
I f  th e  l a t e n t  r o o t s ,o f  T a re  equal t h e i r  common v a lu e  
i s  +1 o r  1 and th e  f i r s t  c a se  c o n s id e re d  w i l l  be
%
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and th u s  cos 0 -  sec  vît . = 2 a ( l  + a )2 \ —l
(1 )
(2 )
Eor b r e v i ty ,  we s h a l l  w r i te
1 -  g8
1 + d^'
(2 a )
We now s u b s t i t u t e  (2 ) in to  th e  sym m etric form o f th e  s h i f t
2  2  i 'm a tr ix  T (4«3 3 (8 ))  c o n s id e r in g  t h a t  ^branch ox (a  cc —l)*^ 
w hich ta k e s  the, v a lu e  i  s in  0 when o; = a“^cos ,0. T h is . 
g iv e s  : , / :  ' ..
1 +  0
2 o' 
1 + 0F
(3)
and = 0^(1 + q^) . o^
5 / (4-)
S ince  th e  l a t e n t  r o o t s  o f (p ) a re  1 ,1  th e r e  w i l l  e x i s t  a 
n o n - s in g u la r  m a tr ix  U, say , such t h a t
(3 )
I  -  i
i n  f a c t
0
1
(6 a)
and U (6b)
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Erom e q u a t io n s  ( 3 ) ,  (6 ) we o b ta in
^ = %jr I ^ j iT^ , . ( 7 )
1 + (m ~ l)t i ( m - l ) t  
i ( m - l ) t  1 -  ( r a - l ) t (8)
T his i s  th e  e x p re s s io n  f o r  on th e  assum p tion  t h a t  i t s
l a t e n t  r o o t s  a re  eq u a l and we r e q u i r e  now to  e x p re ss  
(M’"^T)^~^ i f  th e  l a t e n t  r o o t s  o f Ii~^T a re  d i s t i n c t . .  The 
Jo rd an  m a tr ix  f o r  M“ ^T i s
e"-V 0
0 e-:^^
and th e  p o s s ib le  in d ep en d en t e ig e n v e c to rs  a re
(9)
4 + e^^ \  /  . 1 : ^  + e""^^
^ ° j and I . I o The. m a tr ix  XT ’,
i a ^ t  /  \ io ^ t
sa y , such t h a t
» - l  p ,, / e^^ 0 ,■ff' U“ = I ^ 1 , (.10)
IS -=24 + 3 - i t
i '  = I , 1-^-° . I  ^ (11)
i a ^ t  i a ^ t
and c o n se q u e n tly
%-1u -  12 a  t  s i n  i|;
i a ^ t 2 q4
1 + a'
- 24 ' 
1 + é + e
•i\|f
9 0 .
(12)
E q u a t io n s  (1 0 ) ,  ( i l )  and (12 ) c l e a r l y  g iv e
( j^ - 2 ^ ) m - l  ^    r . l ------
2 a “t  s i n  \|r
- s A  + e^'!' i n s l  + e " i ' l ' \ / e a - l ) i i l r  
1 + 0*^  1 +
i o ^ t i o ^ t 0 Q*-(ïïi~l)it
i o ^ t
i" io ^ t
1 +
4
1 + 0
-  1
4o '• ^  t  sin(m -"l) i|f -  2 o ^ t sinmtji 
(1+(T )
R
2o t  s i n  \jj \ 2L P /, _6'-2 ia  t  sin(m -l)\Jf - —^  t  s in (m - l)  Tjf+2o' t^ s in (m -2 ) ij;
1+0
(13)
where R = 2 i ■ "A s in (m - l)  % -  s in (m - l)  i|f + -§-2.^ { sinmi{f+sin(m-2) i|r}(1+0'^)'^ 1+0
At t h i s  p o in t  i t  i s  c o n v e n ie n t to  in tro d u c e  th e  n o ta t io n  o f  
Chehyshev p o ly n o m ia ls . The Chehyshev p o ly n o m ia l, I J^ (z ) , o: 
th e  second  k in d  and d e g re e  n ,  i s  d e f in e d  by
-  (1 -z ^ )^  s in [ ( n + l )  co s” ^z3 , (14a)
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o r 14(008. \!r) '• sin(n+l) ^s in  ■ V
and th u s  e q u a t io n  (13) can he  w r i t te n  a s
4  5 m _ 2 -2 A  V , ■R
2ioV Üm—2 - 4  a 1+a'
6 ■ n  g + 2(T t H.d. m—id m-3
(13)
where 14(003 .lÿ) h a s  been  a b re v ia te d  to  I4 and
R : = 2i “4 a8
For ; g e n e ra l v a lu e s , o f  m th e  u n ifo rm ity  c o n d it io n  i s
and s u b s t i t u t i n g  (8) and (13) inLo t h i s  e q u a t io n  we o b ta in  
th e  fo llo w in g  fo u r  s im u ltan eo u s e q u a t io n s
+ ( m - l ) t ) = 2o^ ^ ’2 1 (16a)
(m « l) t 4q81—0 % -2 " x—o
( n i - l ) t ■= 1 4 .-2 ' (16c)
— (m—1 ) t l  + o'-
/«V- p 
^ - 2 II  ^m-p (IS d )
- ' 92 ,
I t  i s  n o te d  t h a t  th e  f a c t o r  i  h a s  c a n c e l le d  th ro u g h o u t
p pand th u s  i f  we c o n s id e r  th e  o th e r  b ran c h  o f (o  a  ~l)"^? i . e .
â “ i t  \X .a2 1
2 o2 I^ ’—i t
T = I * . o «> we o b ta in  th e  same f o u r  s im u ltan eo u s
e q u a t io n s  and hence  th e  fo llo w in g  c o n c lu s io n s  a p p ly  e q u a lly
P P Ito  b o th  b ra n c h e s  o f (a  a  - l ) ^ .
E q u a tio n  (16c) g iv e s  im m ed ia te ly  ( s in c e  c /  1 , t  /  0)
t h a t
= m -l . (17)
From th e  re c u r re n c e  r e l a t i o n s  f o r  Chebyshev p o ly n o m ia ls  we 
have
i - l  -  2 co s  ^ + U^ _3 = 0 , (18)
and th u s  e q u a t io n  (16d) can  be re a r ra n g e d  to  g iv e
1 -  ( m - l ) t  = .2  % _2 , U 9 )1 + 0
s in c e  cos lÿ = cos 0 cos pvm = ---%-( o^+ o"^). Now from (16a) ,l+a'^ .
1 -0^w ith  t  =   o 9 . 'l+o"^ \
1  1 = y ( a - i ) l+ a2  , , 1+0^ \  I ■
2mo .5 ( 2 0 )
and th u s  e q u a t io n  (19) becomes
9 3
(m -l)
l+ a ‘2 l+o'^
o r 4m = am (21)
w hich i s  im p o ss ib le  ( s in c e  m > 6 , hence a^ /  l ) .
Hence, i f  th e  l a t e n t  r o o t s  o f T a re  b o th  eq ual to  +1 
w h ile  th o s e  o f M T a re  d i s t i n c t ,  th e n  th e  u n ifo rm ity  
c o n d it io n  canno t be  s a t i s f i e d  by  any n o n - t r i v i a l  sym m etric 
m a tr ix  T.
Now we show t h a t  th e  same c o n c lu s io n  i s  rea c h e d  when we 
c o n s id e r  th e  second c a s e , i n  w hich th e  l a t e n t  r o o ts  o f T a re
each In  what fo llo w s  we c o n s id e r  t h a t  b ra n c h  o f
p p r( a  a  - 1 )^  which ta k e s  th e  v a lu e  -  i  s in 1when a  = a cos 6
b u t , ,  a s  above, th e  r e s u l t s  a p p ly  e q u a lly  f o r  th e  o th e r  
b ra n c h . The m a tr ic e s  T and i f  T a re  now g iv en  by
2 I t
2 (22)-2 o  
1 +. o'
and
/  — 2 
'  o i i + o b
i  a ^ t
i
'2a4 (23)
14 0^ .
These e x p re s s io n s  f o r  T, i f ^ T  c l e a r l y  d i f f e r  from  th e  
c o rre sp o n d in g  e x p re s s io n s  i n  (3 ) ? (4 ) o n ly  i n  sign» Now 
s in c e  th e  l a t t e r  do ,n o t s a t i s f y  th e  u n ifo rm ity  c o n d it io n  , 
( I f 5 w hich i s  c l e a r l y  u n a l te r e d  by  a  change
p  „^pi n  s ig n  o f  T and I f  T, so th e  e x p re ss io n s  f o r  T, 11 “ T i n  -
: ' b:  ^ . V ' 94 .
(22) ,  (23.) l ik e w is e , canno t s a t i s f y  th e  -un ifo rm ity  c o n d it io n .
We have th u s  shoivn t h a t  i f  th e  l a t e n t  ro o ts , o f T a re  . 
eq u a l w h ile  th o s e  o f i f  T a re  d i s t i n c t  th e n  th e  u n ifo rm ity  
c o n d it io n  canno t be  s a t i s f i e d  b y  any n o n - t r i v i a l  sym m etric 
s h i f t  m a tr ix  . T. - '
,4 .333  L a te n t  r o o t s  o f H*” T a re  eq ual .and th o se  o f T d i s t i n c t
X  ' . ' . '  .  ■ ■ :We assume i n i t i a l l y  t h a t  th e  l a t e n t  r o o t s  o f M T a re
2 2 4b o th  eq u a l t o  +1 and we c o n s id e r  th e  b ran ch  o f .(a  a  - 1),^ , 
w hich i s  i  s in  0 when a  = o^^cos 6. , We s h a l l , ,  f o r  b r e v i ty ,  
w r i te
At 1 -  d  1 + 0^
=•2and th e  m a tr ic e s  M'“ T and T a re  th e n  g iv en  by
1 .  , 7 "
i o ^ t 20^T 7 7
(1)
and
2 d  
1 +
Ai  t
Ai t
(2)
where a /  - 1  s in c e  m > 6. There w i l l  e x i s t  a  n o n -s in g u la r
m a tr ix  V, say , such t h a t
1 1 
0 1 / (3 )
9 3
and in fact
7  _ =
and ' 7“
/ - i
/ 7 :)\ 1 .. t /
io2 o \
p A ^ ia t A“ V
(4)
(3)
Erom e q u a t io n s  (3 ) , (4 ) and (3)
1 + t
P  A Aia (m-l)t t
(6 )
The latent roots of T are e^^ and e and hence its Jordan 
matrix is
L -
■ -1■5{- ^I f  7  T 7
then . 7 /
» ,
0 ■ ^  1
: “ ) 9
0
A Ait it
1+a^
» i/ . 2 o'
/
1+0
2
6
and 7 1
2 a
1 + 0^
2 ^  s x a  0  1 . ^ 2^.e ,
A' i t
r r
(7)
(8a)
(8 b )
Hence we e a s i l y  o b ta in  t h a t
9 6 .
( m - l ) i /
0
0
■ (m -l)i/
^ , “ 1 ^ (9)
w hich can be expanded s im i l a r ly  to  4« 552(13) u s in g  th e  
Chebyshev p o ly n o m ia ls  o f th e  second k in d  4.552(14-) to  g iv e  -
1
2t
m—3 1 + 0
A '2iR . ■ 2 t  Ü 4o2 A
9 (10)
t  H1 + o^
' Awhere R = [u 2 o''“ “ 2 i „ a 8 V l  + V 3
and 14(003 / )  h a s  been  a b b re v ia te d  to  I4 . Th^ combined 
m a tr ix  th e n  becomes
420
1 + o:G V 2 -  ^  V 3
^  AyjiT AO ' i t  R
o
(11)
S u b s t i tu t in g  from  e q u a t io n s  (6) and (11) in to  th e  u n ifo rm ity , 
c o n d it io n  4. 51(5) g iv e s  th e  fo llo w in g  fo u r  s im u ltan eo u s
9 7
equations, namely
1 + (m -l) t  = 14^ 2 -  o^ "4-3 ’ (12G-)
1 + 0
A A(m-1) t  = t  4^2 9 (12b)
A A^i r __ p «2
(m~i) t  = [  V 2 i - 3] + l y y p  V 2 ]
(12c)
A1 -  (m-1) t  = —^  4 - 1  “  . ^ "g 4 - 2  ’ (12d)
. 0  1 + 0
These e q u a t io n s  can  be  so lv e d  s im i l a r ly  to  4»352(16) to  g ive  
t h a t  from  (12b) \ ^ 2  th e n  (12d) g iv e s  14^ ^ = mo^ and .
th e n ,  s in c e  m > 6, e q u a t io n  (12a) g iv e s  th e  im p o ss ib le  
r e l a t i o n  ■ .
m = "-"2^m a (13)
Hence th e  u n ifo rm ity  c o n d it io n  p o s s e s s e s  no n o n - t r i v i a l  
s o lu t io n  when we assume t h a t  T and H T a re  a s  g iv en  by  ■ - 
e q u a t io n s  ( l )  and ( 2 ) .
I f  th e  l a t e n t  r o o t s  o f T a re  both  equal to  +1 and th e  
oth er  b ran c h  o f (o^a^ - 1 )^  i s  c o n s id e re d , o r i f  th e  la te n t  
r o o t s  of T a re  b o th  eq u a l to  - 1  and we c o n s id e r  e i t h e r  o f 
th e  branches o f ( o 4 ^  - 1 )^ ,  then  s im i la r ly  to  § 4 .552  we 
o b ta in  th e  same im p o ss ib le  r e l a t i o n  ( I3)'»
C onseq uen tly  t h e 'u n i f o r m i ty  c o n d it io n  4 .5 1 (5 )  w i l l  
p o s s e s s  no n o n - t r i v i a l  s o lu t io n  i f  th e  l a t e n t  r o o t s  o f T 
a re  eq ual w h ile  th o s e  o f a re  d i s t i n c t .
: "... 9 8 .
4 .5 5 4  E x is te n c e ' o f  sym m etric s h i f t  m a tr ix  T i n  th e  g e n e ra l case
In  §§ 4.551 “  4.54 we showed t h a t  f o r  th e  v a lu e s  
m -  3 ) 4 ,5 ,6  th e  fo llo w in g  r e s u l t s  h o ld :
. ( i )  i f  m i s  odd, th e r e  i s  no sym m etric, n o n -d iag o n a l 
m a tr ix  T w hich s a t i s f i e s  th e  u n ifo rm ity  c o n d it io n
( i i )  i f  m i s  even,, th e  o n ly  sym m etric, n o n -d iag o n a l
m a tr ix  T s a t i s f y in g  th e  u n ifo rm ity  c o n d it io n  a r i s e s
0 ±\from  th e  c a se  a  = 0 g iv in g  th e  form  T = 1 K = 1 I i  Oj
For g e n e ra l v a lu e s  o f  m, we have sh o rn  a ls o  t h a t
( i i i )  th e  u n ifo rm ity  c o n d it io n  i s  s a t i s f i e d  hy  T = ± K  
i f  m i s  even , h u t  n o t i f  m i s  odd.
These o b s e rv a t io n s  l e a d  n a t u r a l l y  to  th e  c o n je c tu re  already-
d e s c r ib e d  i n  th e  l a t t e r  p a r t  o f § 4 .5 4 , t h a t  i s  to  say  th e
above r e s u l t s  ( i ) , ( i i )  h o ld  f o r  a l l  v a lu e s  o f  m(> 2) ; t h i s
c o n je c tu r e  h a s ,  how ever, n o t  y e t  been  p ro v ed .
In  t h i s  p a ra g ra p h  we in v e s t i g a t e  th e  g e n e ra l  c a se  (m > 2 ) ,  
and show t h a t  th e  co n jec t-o re  i s  i n  f a c t  e q u iv a le n t  to  an 
a p p a re n tly  v e ry  sim p le  s ta te m e n t in v o lv in g  o n ly  tr ig o n o m e tr ic  
f u n c t io n s  o r ,  a l t e r n a t i v e l y ,  Chebyshev p o ly n o m ia ls .
We now know a ls o  (§§ 4 .551  “• 4 .5 5 5 ) t h a t  th e  o n ly  
s i t u a t i o n  t h a t  n eed s  to  b e  c o n s id e re d  i s  th e  one i n  which th e  
m a tr ic e s  T and M T each have d i s t i n c t  l a t e n t  r o o t s .  The
m a tr ic e s  T and i f ^ T  can be e x p re ssed  (§ 4 .5 5 ) a s
; i
Ï  := f , 1 , ' ; (1 )i  s i n  0 a cos
9 9 .
(2 )
with, s in  6 /  0 and , t h e r e f o r e ,  0 < R/^(9) < tc. Eor 
s im p l i c i ty  we c o n s id e r  o n ly  one b ran c h  o f ( o^oc  ^- 1 ) ^ ;  f o r  
th e  o th e r  we need  o n ly  change th e  s ig n  o f i .  By s e t t i n g  
a g a in  ' " - ' ' . ^
cos /  = cos V7Î COS 0 , > , (3a)
cos \Jf = cos 3v7C C O S 0 s (3h)
th e  l a t e n t  r o o t s  o f T a re  e"^ ^  and th o se  o f  a re
and s in c e  th e s e  l a t e n t  r o o t s  a re  d i s t i n c t ,  /  /  0 , tu, /  0,m .
/  and a re  t h e r e f o r e  such t h a t  0 < R /^(/) < tc and 
0 <
<=>PR educ ing T, M T to  Jo rd a n  form  we have
T = Î3L iT^ , (4a)
—1and = . TJ*L U* , (4b)
i  s in  0 i  s in  0where U = [ | , (3a)_ i /  cos 0 _«»i/ cos 9© «« ————— e —..........-  -  0 a
„ , - 0^  COS 9 + cos 0 -!• e” '^'
k  .: = I - . 1 . (5b)
io^  s in  6 io^  s in  9
(6  a ,  b)
100.
C onsequen tly  we o b ta in
. (m-l)iizf Q
{if-^ = U I I IT^ , (7 )
/ y m - D i ^  0 \ . “ 1
N" . (8 )
I f  14(003 6) ( a b b re v ia te d  to  I4) i s  th e  Chebyshev po lynom ial 
o f th e  second k in d  o f d eg ree  m (4 .3 5 2 (1 4 ))  th e n  from 
e q u a t io n s  (5) and (7) ,
•2 s in  8 %^ _3 + S f n  2i  s i n S  U^ _2
1"^"" = I _  ' ' . i n  20 I ’
and hence
■2a2sln 6 t^_3+ a sin 26 2i
= 2~s£nT6 I
^  2 ia ^ S  4 3 i s . e v , - ^ : V 2
(9)
I f  14(003 i|f) i s  a b b re v ia te d  to  V , (H“"4)^*"^ can  be  e x p re sse d  
a s
1 0 1 .
a o ^ s in ô l T -P s± a 2 0  u -  2 i  S'
( I f  2 j ) m - l ,  ^
2a sua 9  ^2 1 7  sin %  i l  p a^ sia  26 Û p -2o^ sla  6 U ,nx—d m—ci m—p
(10)
l u  w h ich S = [a®cos^6 + 1)IL  p / - a ^ o o s e ( I L  i + tL ?) ..m—ci^  m—x m—p
The u n ifo rm ity  c o n d it io n  = (m“ ^T)^“ ^ w i l l  be ,
s a t i s f i e d  i f  and o n ly  i f  th e  fo llo w in g  fo u r  e q u a t io n s  a re  
a l l  s a t i s f i e d  s im u lta n e o u s ly , nam ely
0 V 2 = ' V l  -  0 V 2 ' U l a )
s in  6 IL p = - U —. { (a® cos^6+l)ü p-a^cos 6(u  -, + ü O )  , ( l ib )s i a e  ■ m X III p .
.■ikfl { (o^ +cos^ 6)IT^ _p~o cos 9 (ir^_-, +% _^)} = o^ sin 8 I^ _2 , (11c).
^ - 1  -  ^  V 2 = ® \ - 2  “  V 3 • U ld )
U sing th e  re c u r r e n c e  r e l a t i o n s  f o r  U^(cos / ) ,  U ^(cos r^) -  
e q u a t io n  4 .3 3 2 (1 8 ) -  to g e th e r  w ith
2 cos 'if '= (a^  + a“ ^) cos 6 , (12a)
and 2 c o s  /  ..= ( a + a “*^) co s  0 , , (12b)
we o b ta in  ■ - ,
%-y" y ' ' ' -1  - - . .102L
y  % _ 1  -  oos 0  ir^ _ 2  =: TJ i - o 3 c o s 0  ü^ _ 2  , , /  (13a)
U^_2 . = s in ^ e  ' (15b)
sin^O. 1^ _2 = . s in ^ e  XS^_  ^ , . ' ' (15c)
E q u a tio n s  (13b, c) a re  c l e a r l y  s a t i s f i e d  i f  and o n ly  i f
V a  = V a -  y  u y
and e q u a t io n s  ( I 3 a ,d )  , th e n  become
y  V i  V i  ’
and . 7 ; - ' °  V l  = ’ V l  ' / ( 13b)
ZlE lim in a tin g  4 » l  r e c a l l i n g  t h a t  m > 2 so o /  1 ,
Ih -I = 0 9 . ■ (16a)m—1
and c o n se q u e n tly  4 - 1  “ Q . - , ' .7 - = , ; (16b)
Now 0 < R/^(/) < m. 'and 0 < E ^(^ ) < ii, th u s  from  th e s e  
e q u a t io n s  we h a v e ' • ' ' • Jy-i
s in  m / = 0 and  s i n  m% = 0 -  y. ( 1 7 a ,b )
1 0 3 .
a n d  ( s i n c e  4 - 2  “  =  c o s  m / ,  u s i n g  ( l ? a )  a n d
s i m i l a r l y  f o r  4 « 2 ^  e q u a t i o n  ( 1 4 )  b e c o m e s
c o s  m /  =  c o s  m iÿ  .  . , ( 1 8 )
Ve h av e , t h e r e f o r e ,  th e  fo llo w in g  r e s u l t ;»
2 0 |_ 8  i  q\
T h e  m a tr ix  T =  f , (19)i  s in  6 a  cos Qj
w ith  a = v ~ ^  ^ ( - i ,  O) U (0  , i )  and 0 < E'^(6) < m,m d d
s a t i s f i e s  th e  u n ifo rm ity  c o n d it io n
i f  and o n ly  i f  th e  q u a n t i t i e s  / ,  d e f in e d  b y
Vc o s  /  =  c o s  — 7 C C O S  0  ,  ( 2 0 )
■ , y
c o s  =  c o s  c o s  0  ,  , ( 2 1 )
w ith  0 < R,6(/) < m, 0 < R ^(^) < T t, a re  such t h a t
s i n  m/ = s in  mi^ f = 0 , (22)
c o s  m /  =  c o s  m t f  o ( 2 3 )
C o n d itio n s  ( 2 0 ) ,  ( 2 1 )  and (23) a re  s a t i s f i e d  by  
0 = /  = b u t  c o n d it io n  (22) i s  o n ly  s a t i s f i e d  i n  t h i s
ca se  i f  ,m i s  even; t h i s  y i e ld s  't h e  o a se  T = 1 IC and i s  in
■ ■ ■ .  . t
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agreem ent w ith  th e  r e s u l t s  d e s c r ib e d  i n  th e  b e g in n in g  o f 
t h i s  p a ra g ra p h .
C o n d itio n s  (2 0 ) , (2 1 ) , (2 2 ) , (23) can be red u ced  s t i l l  
f u r t h e r .  Erom (22) we m ust have.
w ith  p ,q  = 1 , 2 , m-1) and th e n  from (23)
p = q (mod 2) . < . (25)
E q u a tio n s  (20) and ( 2 l )  red u c e  to
cos = COS —1C COS 0 , ' (26a)
cos = cos It cos 0 5 (26b)
w hich w i l l  be  s o lv a b le  f o r  cos 0 /  0 i f  and o n ly  i f
Y s  co s ^ ic c o s % ^ ic - c o s ^ n :c o s ^ ic  = 0 . (2?)m m m m
È ‘ 1 nNow — i s  r a t i o n a l  b e lo n g in g  to  (--g-, 0) U (0  ,^ )  and :
P Zs in c e  e q u a t io n  (2?) i s  u n a f fe c te d  i f  ^  i s  r e p la c e d  b y  —+ 1
 ^ 1 1we can c o n s id e r  ^  6 (0  , -g) U ( ?  , l ) ,  t h a t  i s  to  say  Z i s  a 
p o s i t iv e  in te g e r  1 , 2 , m-1 such t h a t  Z and m a re
' . - . -  ' i
c o -p rim e . ,
I t  i s  a p p a re n t t h a t  (2?) can  be  s a t i s f i e d  by  c e r t a in  
t r i v i a l  v a lu e s  o f  p and q b u t  b r i e f  c a lc u la t i o n  .shows t h a t  
th e y  m ust i n  f a c t  be  exc luded  and t h a t  we can a t t a c h  th e
1 0 3 .
f u r t h e r  c o n d it io n s  p /  (mod m ), ^  ^   ^ m ^  '
T h is i s  seen  a s  follow s:™
Z 1Now ^  /  2 ( s in c e  m > 2) and s in c e  we a re  lo o k in g  f o r
P / 1s o lu t io n s  o f  (2 6 a ,b )  w ith  co s 0 /  0 , ^  But 0 € (0,m)
so cos 0 /  l l a n d  from  e q u a t io n  (26a)
p /  (mod m) . (28a)
C onsider now (2 6 b ) . S in c e , b y  h y p o th e s is ,  cos 0 / 0 ,
^  can  talce th e  v a lu e  ^  i f  and o n ly  i f  cos = 0 , hence
f i s^  o r g  (we r e c a l l  t h a t  f ,  m a re  r e q u i r e d  to  be  c o -p rim e ) ,
and q = 3* Now s in c e  p s  q (mod 2) q = 3 => p = 1 o r 3,
w hich c o n t r a d ic t s  (28a) « Thus £- and m aking use  a g a in  ,
o f th e  f a c t  t h a t  cos 0 /  i l v ; e  conclude t h a t
q /  i  3 f (mod m) . . (28b),
Our c o n c lu s io n s  so f a r  and ou r c o n je c tu re  can  now be  
e x p re sse d  i n  more fo rm al te rm s : .
D e f in i t io n s  -
• _ ■
L et Q be th e  s e t  o f p o s i t iv e  in te g e r s  ' 
r  =  1 , 2 , 3 , ». » 5 m -1, w ith  g  /  ^  .
■ L et E be  th e  s e t  o f a l l  p o s i t iv e  in te g e r s  m h av in g  th e  ' 
fo l lo w in g  p r o p e r t i e s :
, (à) m > 2 ,
; (b ) l e t  f  6 Q such t h a t  Z and m a re  c o -p rim e , th e n
th e r e  e x i s t s  no in te g e r s  p ,q  <E Q such t h a t  p = q 
(mod 2) 5 p /  i f  (mod m ), q /  ±5'^ (mod m) and, •
1 0 6 .
m  cos C08 4  cos ^  = 0 .' (29)
C onclus ion
Our c o n c lu s io n  i s  t h a t  i f  m € E and m i s  odd th e n  th e r e  
i s  no sym m etric, n o n -d ia g o n a l s h i f t  m a tr ix  T w hich s a t i s f i e s  
th e  u n ifo rm ity  c o n d it io n ,  w h ile  i f  m i s  even th e  o n ly  such 
s h i f t  m a tr ic e s  a re  T = l E .
C o n jec tu re  A
The s e t  E c o n ta in s  a l l  th e  n a tu r a l  num bers > 2 .
I t  i s  i n t e r e s t i n g  to  o b se rv e  t h a t  c o n je c tu r e  A would be 
a consequence o f th e  fo llo w in g  c o n je c tu re d  p r o p e r ty  of 
Chebyshev p o ly n o m ia ls  o f th e  second k in d .
C o n jec tu re  B
The r a t i o  o f one p a i r  o f d i s t i n c t  p o s i t iv e  z e ro s  o f
U (x) canno t be eq u a l to  th e  r a t i o  o f a n o th e r  p a i r ,  n
Erom th e  f a c t  t h a t  th e  z e ro s  o f lL (x ) a re  sym m etric, 
w ith  r e s p e c t  to  th e  o r ig in  ( i . e .  4^*^^ ” ^ “ 9^
we have th e  fo llo w in g  c o r o l l a r y  o f c o n je c tu re  B.
C o n jec tu re  G
No two p a i r s  o f n o n -ze ro  r o o ts  o f ^ ( x )  = 0 (a^ , Ug; 
a ^ , a ^ , say) e x i s t  such t h a t  : à2 = ex cep t i n  th e
t r i v i a l  c a se s  ,
( i ) “l  = oig and a  J = ^4
( i i ) and = —
( i i i ) °a  = and =
( iv )  , -a-, and = ""^ 4 '
1 0 7 .
. Now we s h a l l  show t h a t  oo& jectu re  A above i s  im p lied  
by  c o n je c tu r e  C and hence b y  B (b u t n o t c o n v e rse ly )*
L et a  = cos ^   ^ r  € Q> den o te  n o n -ze ro  r o o t s  o f
. • :U ^^l(x ) = Go (Then e q u a t io n  (29) and th e  a s s o c ia te d  
c o n d it io n s  may b e  w r i t t e n
=. 0 , , . (30)
i n  w hich and /  d: Now /  0 s in c e  ^ € Q
£ 1and hence  “  ÿ .  I t  i s  e asy  to  see  t h a t  = 0 i f  and
£ I £ R .o n ly  ^  = 5 ^  and s u b s t i t u t i o n  th e n  shows t h a t  ($0)
can  b e  s a t i s f i e d  o n ly  by  ta k in g  g = 3 which i s  im p o ss ib le  
s in c e  q € Q Hence n e i t h e r  n o r  i s  zero  and
e q u a t io n  (50) may be  w r i t t e n
We have o n ly  to  show t h a t  th e  fo u r  t r i v i a l  c a s e s  o f 
c o n je c tu r e  0 a re  exc luded  by  th e  c o n d it io n s  o f c o n je c tu re  A* 
Cases ( i )  and ( i i )  a re  exc luded  s in c e  i I n
c ase  ( i i i )  we would have = oc^£ ^  i  1 w hich i s
im p o ss ib le -  i i n a l l y ,  i n  c a se  ( iv )  we would have
1 £ 1 £ "X
cl£ ~ ^  m “ 4  m “ whence p = 1 o r 5 w hich i s
im p o ss ib le  by  th e  c o n d it io n  «.
We have o b se rv ed  t h a t  R i s  c e r t a i n l y  non-em pty s in c e  
i t  in c lu d e s  a l l  th e  num bers 5 , 4 , 5? 6 . Our c o n je c tu re  i s  
t h a t  R com prises a l l  th e  n a tu r a l  num bers > 2- In  th e  
fo llo w in g  p a ra g ra p h  we v e r i f y  c o n je c tu r e  A f o r  th e  n e x t
1 0 8 .
n a tu r a l  num ber, m = ? .
. ' - -  ' ■
4-555 V e r i f i c a t io n  o f c o n je c tu re  A f o r  th e  c a se  m = ? 
. The s e t  Q = { l ,  2 ,' 3? 4-, 5 , 6} and
Y s  co s ^  co s -  cos ^  cos . ( l )
We r e q u i r e  to  show, t h e r e f o r e ,  t h a t  i f  ^ 6 Q and p ,q  € Q 
such t h a t  p 5 q (mod 2 ) ,  p ^  q = d: 5^mod ? ) ,  th e n  Y /  0, 
Œhe a n a ly s i s  r e q u i r e s  c o n s id e ra t io n  o f  th e  many 
p o s s i b i l i t i e s  f o r  p and q and to  a v o id  u n n e c e ssa ry  
c o n fu s io n  we have combined th e  r e s u l t s  in to  T able IV . The
r e s u l t s  have b een  o b ta in e d  by  in d iv id u a l  c o n s id e r a t io n  o f 
e q u a t io n  ( l )  and s in c e  we o n ly  r e q u i r e  to  show t h a t  Y ^  0 
i n  column 5 we have o n ly  in d ic a te d  th e  s ig n  o f  Y. : Also 
o n ly  th e  th r e e  c a s e s  ^ = 1 , 2 , 5 have been  d e ta i l e d  s in c e ,  
f o r  exam ple, i f  ^ = 4- e q u a t io n  ( l )  g iv e s
Ÿ = cos cos cos ^  cos
(c o s  ^  co s ^  -  C O S ^  cos 4 ^ ) ,
and th e  r e s u l t s  a re  th e  same a s  ^ = 5 (Case I I I )  w ith  th e  
s ig n  o f Y (colum n 3) changed. S im ila r ly  f o r  ^ = 5 a^d 
^ = 6 we change th e  s ig n  o f Y i n  ^ = 2 (C ase I I )  and 
4 = 1  (Case l )5 r e s p e c t iv e ly .
TABIiE IV
1 0 9 .
Case I P 1 Y Case I I P P Y Case I I I p a Y
4 = 1 2 2 < 0 4 = 2 1 5 < 0 4 = 5 1 1 < 0
2 6 > 0 1 5 < 0 1 5 < 0
5 1 < 0 3 3 < 0 2 4 < 0
3 5 > 0. 5 5 > 0 2 6 < 0
4- ■2 < 0 4 2 < 0 5 1 > 0
4 6 > 0 4 4 > 0 5 5 > 0
5 1 < 0 6 2 > 0 6 4 > 0
.5; 5 > 0 6 4 > 0 5 6 > 0
In  a l l  c a s e s ,  t h e r e f o r e ,  we have t h a t  T /  0 and so onr 
c o n je c tu r e  A h a s  been  p ro v ed  to  h o ld  f o r  m =
4-0556 V e r i f i c a t io n  o f c o n je c tu r e  B f o r  th e  c a se s  n  = 6 and
n  = 7
C o n jec tu re  A i s  t r u e  i f  c o n je c tu re  B i s  t r u e  and in  
t h i s  p a ra g ra p h  we show t h a t  c o n je c tu re  B. i s  t r u e  when ( i ) ,  
n  = 5 and ( i i )  n  = 7 , w hich th e re b y  v e r i f i e s  c o n je c tu re  A 
f o r  th e  c a se s  m = 7 and m = 8 , r e s p e c t iv e ly .  A lthough iu  
th e  p re v io u s  p a ra g ra p h  we have a lr e a d y  shown t h a t  
c o n je c tu r e  A i s  t r u e  when m = 7 th e  v e r i f i c a t i o n  o f  
c o n je c tu r e  B when n  = 6 (c a se  ( i ) )  p ro v id e s  an a l t e r n a t iv e  
and s im p le r  app roach  to  t h a t  g iv en  i n  § 4*555., ■
■ 11 0 .
Case ( i )
Now when n = 6 th e  p o s i t iv e  zeros o f U (x ) are■ . n  ■ ,1 P %cos n - x ,  COS  y T T ,  cos and we have th e  r a t io  o f t;-70 d i s t in c t
.p a irs o f  th e se  zeros equal i f  and o n ly  i f  .
c o s  n  Tt C O S  TC ^  p  p p .— 4— = -------4— COS -h‘ cos = 2 coscos y  % cos  ^ ^
pw hich i s  f a l s e  s in c e  cos /  l a n d  so c o n je c tu r e  B i s  t r u e  
when n  = 6 and hence c o n je c tu r e  A i s  t r u e  v?hen m = 7«
Case ( i i )  '
The p o s i t iv e  z e ro s  o f  N^(x) a re  cos co s cos g x
whose values are easily found to be 1 j  ^ , IL 2 /2  j  / 2  L 2 /2
The r a t i o  o f two d i s t i n c t  p a i r s  o f th e s e  z e ro s  i s  equal i f  
and o n ly  i f
. V ^+ 1  1./  -~ 2 7 r  . 2 1 1I  ' = " ^ % T  ÏÏ -  4  “
Thus c o n je c tu r e .B i s  a ls o  tru e  when n  = 7 and th e r e f o r e  
c o n je c tu r e  A i s  t r u e  when m = 8 .
We have now, i n  f a c t ,  p ro ceed ed  one s ta g e  f u r th e r ,  and 
shovni t h a t  th e  s e t  R c o n ta in s  th e  n e x t n a tu r a l  number m = 8 
and R d o es , t h e r e f o r e ,  c o n ta in  a l l  th e  n a tu r a l  num bers from 
3 to  8 , i n c lu s iv e -  , - ' :.
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4 ,6  D o u b ly -m u lt ip lic a t iv e  s o lu t io n s  i n  th e  c u t p la n e  ,
P 'L e t V be r a t i o n a l ,  v = l e t  th e  z~plane b e  c u t a s
d e s c r ib e d  i n  § 4 .5 1  and l e t .  T be  such t h a t  th e  g e n e ra l
s o lu t io n  i s  un ifo rm  i n  th e  c u t p la n e .  I t  th e n  becomes
r e le v a n t to  ask  w hether th e  H erm ite th e o ry  o f d o u b ly -
m u l t i p l i c a t iv e  s o lu t io n s  (§ 2.51) oan be ex tended  to  th e  c u t
p la n e .  ,
In  c o n s id e r in g  t h i s ,  i t  i s  n e c e s s a ry  t o , s t r e s s  th e
m eaning. a tta ch in g  to  th e , id e a  o f a d d it io n  o f a p e r io d .  I f
u (z )  i s  a  s o lu t io n ,  v a l id  i n  a  c e r t a i n  reg ion  in c lu d in g  the .
p o in t  z , th e n  u (z  + 2E ), fo r  in s ta n c e , m ust be in te r p r e t e d
a s  th e  a n a ly t ic  c o n tin u a t io n  o f u (z )  to  a r e g io n  in c lu d in g
th e  p o in t z + 2E, b y  a p a th  w hich av o id s  th e  c u ts .  Because *
o f  th e  u n ifo rm ity  o f th e  g e n e ra l  s o lu t io n ,  w hich we have
im posed, th e  a n a ly t i c  c o n tin u a t io n  i s  un ique  and does no t:
depend on th e  p a r t i c u l a r  p a th  fo llo w e d , so lo n g  a s  th e  p a th
does n o t  c ro s s  a  c u t . ' F ig u re  5 shows, f o r  exam ple, two .
*p o s s ib le  p a th s  from  z to  z  + 2K -i* 2iK which av o id  th e s e  c u ts .
The a n a ly s i s  o f § 2 .51  a p p l ie s  v i r t u a l l y  unchanged to
t h i s  s i t u a t i o n  and e s t a b l i s h e s  th e  e x is te n c e  o f a r  , l e a s t  one(d o u b ly - m u l t ip l ic a t iv e  s o lu t io n  w ith  pseu do-p eriod s 2K, 2ÎK -  
t h a t  i s  to  say , a s o lu t io n  u (z )  w i th  c o n s ta n ts  s , s \  such ■ , 
t h a t
u (z  +2E) = 8u(z) , u (z + 2 iE * )  = s*u (z) - ( l )
In  th e  rem aining p a r t  o f  t h i s  p a ra g ra p h  we w i l l  c o n s id e r  
th e  s p e c ia l  f e a tu r e s  o f th e  doubly«^multip 1 i c a t i v e  s o lu t io n s  
f o r  p su e d o -p e r io d s  2E, 2iK* and fo r  2k, 2miK* , which a r ise
lU/n-ljK
1 1 2 .
z -p la n e
IK'
o
:z^ZLK :^4/4K+4iK
V(.l' N n  f- f r4 i tz
--------------f---------4K 4K 6K
FIGURE 3
. . / I  0 \  , \  0when ( i )  T = J  where J  = f ^ , ( i i )  T .= f
and T = ^ ^  and ( i i i )  T = :^K. (We r e c a l l  t h a t  i f\  0 icy/
T = th e  u n ifo rm ity  c o n d it io n  i s  s a t i s f i e d  f o r  any m
and i s  th e  s p e c ia l  c a se  p = 0 o r y = 0 in  § 4 .4  (2 0 a ,b ) .
F o r m = 3 we a lr e a d y  know t h a t  p and y %ust b e  z e ro ) .
I f  T = M“ ^ J  th e n  w(z) and w(z) ‘a re  b o th  m u l t i p l i c a t iv e  
f o r  p e r io d  2 ik ' b u t  w i th  d i f f e r e n t  p e r i o d i c i t y  f a c t o r s  
and a, r e s p e c t iv e ly ;  w hereas i f  T = — M ^ J  , w (z) and w(z)
Ïa re  b o th  m u l t i p l i c a t iv e  f o r  p e r io d  2iK , w ith  d i f f e r e n t
f a c t o r s  -  0“ ^ and -  a , r e s p e c t iv e ly .  Thus i f  T = ±N ^1 no
l i n e a r  com b in a tio n  o f w (z ) , w (z) can  be m u l t i p l i c a t iv e  f o r  
;p e r io d  2 iE  and th e  o n ly  p o s s ib le  d o u b ly -m u l t ip l ic a t iv e
As o lu t io n s  a r e ,  t h e r e f o r e ,  w and w th e m se lv e s . Now i f  '
T = M th e n  (e q u a t io n  4 .4 ( p ) )  W(z) = JV/(*=« z ) , so i/hat 
w(z) i s  even and w (z) odd; s im i l a r ly  i f  T = -M  th e n  w
A Ai s  odd and w even. .But we now show t h a t  w and w canno t 
b o th  be m u l t i p l i c a t iv e  f o r  p e r io d  2K, w ith o u t one o f them 
b e in g  i d e n t i c a l l y  zerc 
f o r  d e f i n i t e n e s s ,  and
1 1 3 .
Y io
i  i t i l l  ro . F o r l e t  u s suppose t h a t  T = 11 1
A AA .w (z + 2 k )  = sw (z) , w(z + 2k) = sw (z) , (2 a ,b )
th e n  p u t t i n g  z = -  2k i n  (2a) we have w(0) = sw (-2 k ) = sw(2K) 
= s^w(O). S im ila rly ,.-  d i f f e r e n t i a t i n g  (2b) and p u t t in g  
z = -  2k g iv e s  w '(0 )  = s^w *(0). . Now z = 0 i s  an o rd in a ry  
p o in t  o f th e  d i f f e r e n t i a l  e q u a t io n  1 .1 (1 3 ) î so no non­
t r i v i a l  s o lu t io n  can  h a v e .a  double  z e ro ; hence
Oil'
: : ; . - . ; . - 1 1 4 .
w(0) 0 5 w’ (o ) Q , whence = 1 , = 1 .
The fu n c t io n  w (z ) , t h e r e f o r e ,  h a s  th e  p r o p e r t i e s
w(z) = w ( - z )  5 w(z + 2k) = sw (z ) (s  = drl) , w (s+  2iK ) ='
s* w (z )(s ' = a***^ .) .
Then
w (k 4 iIC ) = sw (-K  + iK*) = s s ’wC-K-iK *) = ss 'w (k  + ik * )  
so w(k 4- ik  ) = 0 . ( s in c e  ss* /  l )
A IS im ila r  w orking shows t h a t  w(k 4- i k  ) = 0 ,  h u t  t h i s  i s
Î  • . ■ ■■ ■ ■ ■ ■ 'im p o ss ib le  s in c e  k + ik  i s  an o rd in a ry  p o in t  o f  th e  d o u b ly - 
p e r io d ic  H i l l  e q u a t io n  and th e  g e n e ra l s o lu t io n  canno t
v a n is h  th e re *  The same h o ld s  i f  T = *
“1 Z'. Thus when T = J  one, b u t  o n ly  one, o f w,v; i s  /
1d o u b ly - m u l t ip l ic a t iv e  f o r  p se u d o -p e r io d s  2k, 2 ik  * We •; 
h av e , th e re b y , t h a t  e i t h e r
( i )  w (z) i s  even and d o u b ly - m u l t ip l ic a t iv e  (2k , 2 ik  ) 
w ith  p e r i o d i c i t y  f a c t o r s  s = & 1 , s^  = o™ or
Îodd and d o u b ly - m u l t ip l ic a t iv e  (2k , 2 ik  ) w ith  
f a c t o r s  8 = & 1 , 8* = - o
o r e ls e
( i i )  w(z) i s  odd and d o u b ly -m u l t ip l ic a t iv e  (2k , 2 ik  )
Aw ith  p e r i o d i c i t y  f a c t o r s  s = 1 1  , s* = a o r even
and d o u b ly -m u lt ip lic a t iv e  (2k , 2 ik  ) . w i t h  fa c to r  
A
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/rj: 0 \In  th e  more g e n e ra l  c a se  T = ( ) , v;(z) i s  even
\  V l a /
o r  odd and d o u b ly - m u l t ip l ic a t iv e  w ith  p se u d o -p e rio d s
•1
t , -^t A2k, 2 ik . and p e r i o d i c i t y  f a c t o r s  1 1  , , w h ile  w(z) h a s  .
no s p e c ia l  p r o p e r t i e s .  i f  T = th e n  w(z) i s
t '- odd o r  even and d o u b ly - m u l t ip l ic a t iv e  (2k , 2 ik  ) w ith  ; 
f a c t o r s  1 1  , l a ,  w h ile  w (z) h a s  no s p e c ia l  p r o p e r t i e s .  .
P ro v id e d  m i s  even , T = i k  w i l l  s a t i s f y  th e  u n ifo rm ity
Ac o n d i t io n .  For T = k  we e a s i l y  f i n d  t h a t  w(z) iw ( z )  a re
• Ib o th  m u l t i p l i c a t i v e  s o lu t io n s  f o r  2 ik  w ith  p e r i o d i c i t y  
f a c t o r s  1 i  r e s p e c t iv e ly ,  w h ile  f o r  T = -  k  w(z) lw ( z )  a re  
b o th  m u l t i p l i c a t i v e  ( 2 ik  ) w ith  p e r i o d i c i t y  f a c t o r s  ?  i ,  
r e s p e c t iv e ly .-  There seems, no re a s o n , i n  t h i s  c a s e , f o r  th e  
s o lu t io n s  to  have any p a r t i c u l a r  p a r i t y  p r o p e r t i e s ,  n o r  f o r  
s to  ta k e  any s p e c ia l  v a lu e ;  th e r e  c o u ld , in d e e d , be two 
d o u b ly -m u lt ip 1i c a t i v e  s o lu t io n s .
I t  i s  i n t e r e s t i n g  a ls o  to  c o n s id e r  th e  p o s s i b i l i t y  o f 
d o u b ly - m u l t ip l ic a t iv e  s o lu t io n s  w ith  p se u d o -p e r io d s
I2k, 2mik ; th e  r e a s o n in g  o f § 2 .3 1  a p p lie s  a g a in , to  show 
th e  e x is te n c e  o f a t  l e a s t  one d o u b ly - m u l t ip l ic a t iv e  
s o lu t io n .
I f  T = J  , th e  g e n e ra l  s o lu t io n  i s  m u l t i n l i c a t iv e
,fo r  2mi k  w ith  p e r i o d i c i t y  f a c t o r  + 1 , so t h a t  a  d o u b ly -
Am u l t i p l i c a t iv e  s o lu t io n  i s  n o t  n e c e s s a r i ly  w o r  w b u t may 
be  a l i n e a r  co m b in a tio n  o f  th e s e  and_ th e  r e s t r i c t i o n  s = ± 1
/ i a ~ ^  0 \  ■ /± a " ^ ,Sno lo n g er  h o ld s .  However, i f .T = ( ) o r  T = _\  Y Ic j/ \  0 ±0,
■ tthen  r e s p e c t iv e ly  w (z) i s  d o u b ly -m u lt ip lic a t iv e  (2k ,. 2mik ) 
and w (z) i s  n o t o r  w (z) i s  d o u b ly - m u l t ip l ic a t iv e  (2k, 2m ik.)
1 1 6 .
w h ile  w(z) i s  n o t .  F u r th e rm o re , th e  r e s t r i c t i o n  s = i l  
does s t i l l  a p p ly .
F in a l ly  i f  T = iK  th e  s o lu t io n s  w(z) iv j ( z )  a re  b o th
,m u l t i p l i c a t iv e  f o r  2mik b u t  i n  a l l  c a se s ,b e c a u se  m m ust be 
even , th e  p e r i o d i c i t y  f a c t o r  i s  th e  seme, nam ely (-*1) .
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CHAPTER 5 ■
TC h a r a c te r i s t i c  Exponent v =
I n  p a ra g ra p h  4 .2  we p o in te d  o u t t h a t  a lo g a r i th m ic  term
can  o ccu r i n  th e  d o u b ly -p e r io d ic  H i l l  e q u a t io n  {1 .1(13)) i f
1 . . and o n ly  i f  th e  c h a r a c t e r i s t i c  exponent v = ^  . S ince  th e
p a ra m e te r  v i n  name’ s e q u a t io n  i s  such t h a t  v = v (mod 2) o r
V 5 ^-‘^ 1  (mod 2) 5 i t  fo llo w s  t h a t  th e  g e n e ra l s o lu t io n  o f
Lame’ s e q u a t io n  can  c o n ta in  a  lo g a r i th m ic  te rm  i f  .and o n ly
i f  V = N + where N i s  an  i n t e g e r .  , F or v = a
— 1 lo g a r i th m ic  term  m ust o c cu r ; f o r  o th e r  v o f th e  form  N 4-
th e r e  i s  c l e a r l y  a  p o s s i b i l i t y  t h a t  f o r  c e r t a i n  v a lu e s  o f  h
no lo g a r i th m ic  term  e n te r s  th e  g e n e ra l s o lu t io n .
— 1In  § 3"1 we i n v e s t ig a t e  th e  case  v = ^ and show th e r e
1 pi s  p r e c i s e ly ,  one such v a lu e  o f  h ,  nam ely h  = (1 4^ k  ) w hich
h a s  lo n g  b een  Icnown (Jam et [ 19 3) to  g ive  such a  s o lu t io n .
. ^  1 'Ln § 3*2 we ex ten d  t h i s  to  v = N 4-^ (H ^  O) and show t h a t
th e  a p p ro p r ia te  v a lu e s  o f  h  s a t i s f y  an e q u a t io n  o f deg ree
N 4 - 1 .  ,
To c a r r y  o u t th e  e x te n s io n  o f  th e  F lo  que t  th e o ry  f o r
qth e  d o u b ly -p e r io d ic  K i l l  e q u a t io n  in  th e  c ase  v = , we have
to  c o n s id e r  th e  two p o s s i b i l i t i e s  o f a  logSLrithm ic term  
b e in g  a b se n t o r  p r e s e n t ,  and t h i s  i s  done i n  § 3.31 and 
§ 3. 32, r e s p e c t iv e ly .  ' , .
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5*1 ■ G enera l s o lu t io n  o f Lame’ s e q u a t io n  n o t  in v o lv in g
— 1a  lo g a r i th m ic  term  when v = ^  .
I f  V = 2 5 Lame’ s e q u a t io n  i s
~ i  + {h -  sn^z)w = 0 , (1)
and i f  C = dn z t h i s  e q u a t io n  becomes
C^CC^-DCl-cV 2 )â ^  + C(c4(l+k'2) _ 3^8k.2d)||
' d (  ■ ^
+ (4 h C ^ -3 (G ^ - l) )% , = 0 , (2 )
where k ' 2 -  i - k as u su a l. J tE q u a tio n  ( l )  h a s  s i n g u l a r i t i e s  a t  z = i k  (mod 2k , 2 ik  ) and 
th e s e  p o in ts  co rre sp o n d  to  C = 0 i n  th e  ^ -p la n e . The 
exponen ts a t  G = 0 a re  ( - 1 ,  3) and s in c e  th e s e  exponents 
d i f f e r  b y  an i n t e g e r ,  th e r e  e x i s t s  th e  p o s s i b i l i t y  t h a t  th e  
g e n e ra l  s o lu t io n  o f ( 2 ) ,  v a l i d  i n  th e  neighbou rhood  o f C = 0 , 
w i l l  in v o lv e  a  lo g a r i th m ic  te rm . We w il l ,  d e te rm in e  h  such 
t h a t  th e  lo g a r i th m ic  term  does n o t  a r i s e .
E q u a tio n  (2 ) w i l l  alw ays p o s s e s s  one s o lu t io n  o f th e
form
- w(G) = S a .  , (3 )h.T'O
w hich converges f o r  I C ! < 1 *  The c o e f f i c i e n t s  a^ j^  ^ s a t i s f y  
th e  r e c u r re n c e  r e l a t i o n s  ‘ >
32a. -  (9 (1  + k ’^ ) + 4 h -  3 )a^  = ' 0 , , ' . ,(4)
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1 6 ( r+ l)  -  { (l+k* (4 r+ 3 )^  f  4h -  p}a4 r
+ k ’ = 0 ( r  1) . (3 )
I f  we assume a  s o lu t io n  w (c) o f  (2 ) such t h a t  !
w(c) -  u (c )w (C ) , (6 )
th e n  u(C ) s a t i s f i e s  th e  f i r s t  o rd e r  e q u a t io n
^  = Cw(c)3 exp{“  JpdC) 5 (7 )
where p = .(„C — i 2 l  , (8 )
C (c4 _ i)(i_ c4 % ,2 )
1 , 2C^ __ 2 k '2 ç5 (9)
So J - p d C  -  lo g  C “ •^ lo g (C '^ ~ l) .-^ lo g ( l“'C ^ * ^ )  + c o n s ta n t ,
' : p '  - (10)
and th u s  .
e ^ ( « J p d c )  =
where h ( /  0) i s  an a r b i t r a r y  c o n s ta n t .
From e q u a t io n  (3 ) we have t h a t
[C(c)]-2 = C-G [Z c4r]~2 . :
o ^
;  { 1 „ ^  ç^ + 0 ( c b )  • : ; (12) ;
120,
o b ta in
I f  b* = ba~ th e n  from  e q u a t io n s  ( 7 ) ,  (11) and (12) we o
H  o ( c b ) , (13)
b r^{l+|(l+k'bc'^-^d-!-0(C®)}ï, : (14)o
b ( (-5 + [1(1,-k' 2) _ ÿ i ] g-1o((3) ) _ (15)
- %  . . .
w (c) w i l l  n o t . in v o lv e  a  lo g a r i th m ic  term  i f  and o n ly  i f  th e
—1 ■ ■ ' c o e f f i c i e n t  Q i s  z e ro , i . e .  i f  and o n ly  i f  ,
^  - i(l+k>b = 0 . (16)a_ cL
From e q u a t io n  (4)
i  = 9 ( l+ k '2 )  -I- jj-h -3
b 32 (17)
and th u s  e q u a t io n  (16) becom es a  c o n d it io n  on h ,  nam ely,
h  = | ( 3  -  ( l+ k > b )
: = jj-(l+k ) . (18)
/• I t  h a s  been  shown, th e r e f o r e ,  t h a t  Lame* s .e q u a t io n  ( l )  • 
w i l l  p o s s e s s  a  s o lu t io n ,  v a l i d  i n  th e  neighbou rhood  o f .
:  ^ ' 121.
z = ilC , which does n o t  in v o lv e  a  lo g a r i th m ic  term  i f  and 
o n ly  i f  h  = ^ ( l+ k ^ ) .
1 1 P,, In c e  [ 13 ] shows t h a t  f o r  th e  case  "v = ^  ^ )/.Lame' s  e q u a t io n  p o s s e s s e s  two in d ep en d en t s o lu t io n s  , b f  th e  -
■form (cnz i d n z ) ’^  w hich a re  v a l id  everyi-zhere e x cep t a t  a
' - i  . - ... I  ' % 1s i n g u l a r i t y  and th e s e  a r e ,  i n  f a c t ,  d o u b ly -p e r io d ic  ;8K, 8iK
(se e  I r s c o t t 'C  4  ] ■ p .  2 3 2 ). -
mm  *]5*2 . E x te n s io n  to  th e  g e n e ra l  c a se  v = N + ^ ( N ^ 0 )
When V ~ N th e  e q u a t io n  i n  Ç (5 * 1 (2 ))  becomes
C^CC—1) d - C ^ '  -  3£®k' ^ + 1 ) |7
a r  . ' .  G
. /  : ■ , + { 4 h l-(2K + l)(2 ir+3)(£^“ l)}w  = 0 , (1)
and th e  s i n g u l a r i t y  a t  C -  0 i s  r e g u la r  w ith  exponen ts .
( -  (2N-sl) , 2N+3) * The p o s s i b i l i t y  o f a  lo g a r i th m ic  term., 
s t i l l  e x i s t s  and we w i l l  show t h a t  th e  lo g a r i th m ic  term  w i l l  
n o t  occu r  i f  and o n ly  i f  h  s a t i s f i e s  an a lg e b r a ic  e q u a t io n  
o f d eg ree  N + 1 . I  -. , • ■ •
E q u a tio n  ( l )  w i l l ,a lw a y s  p o s s e s s  one s o lu t io n  o f th e  
form  /  ' - ' - ■ ■=,
w(C) = % azir , . ' • ' . (2 )
■ o -
which converges f o r  IC* < 1* The c o e f f i c i e n t s  a^^ s a t i s f y ,  
r e c u r re n c e  r e l a t i o n s  s im i la r  to  5*1(4 , 5 ) ,  nam ely
12 2 .
(2K + 4)(2 îf+ 8)a^- { (1+ k’^) (2Ef+3)^ + 41i» (2N+l) (211+3) )a^  = 0 ,
■ (3 )
(4r+2N+4) (4 .r+2M +8)^ ^^ « { (1 + k ' (4r+2K+3)^ + 4 k -  (2K+1) (2N+3)
+ k'2{ (4r+2K )2_ i}S ^ ^ _^  = 0 (r  % 1) . (4)
I f  we assume, t h a t  w (ç) i s  a  s o lu t io n  o f ( l )  such t h a t
w(C) = n (c )w (C )  3 (5)
th e n , s im i la r  to  th e  p re v io u s  p a ra g ra p h  (5*1(13) ) ,  we o b ta in
ft,™ 2where c^ = a  , o r
g  b C - ^ - 5  . (7 )
*^ 2w ith  c^ = a^ * Now N ^  0 and so w (c) w i l l  n o t  in v o lv e  a 
lo g a r i th m ic  te rm  i f  and o n ly  i f  th e  c o e f f i c i e n t  o f C i s
z e ro , i . e .  i f  and o n ly  i f
how ever, c^^^^  in v o lv e s  th e  c o e f f i c i e n t s  * $
a ^ , a _ , and hence from  e q u a t io n s  ( 3 ) ,  (4) and (8 ) we w i l l . 
o b ta in  an a lg e b r a ic  e q u a t io n  i n  h  o f p r e c i s e  d eg ree  N -î- 1 ,
1 2 3 ,.
and. t h i s  com p le tes th e  p ro o f .  R eference  i s  a g a in  made to  ’ 
A rs c o tt  C 4  ] f o r  th e  r e s u l t s  o b ta in e d  above a re  in  agreem ent 
w ith  th o se  g iv en  i n  [ 4  ] p. 232- T ay lo r [ 20 ] h a s  shbvm. 
by  an a n a ly s is  a lo n g  d i f f e r e n t  l in e 's ,  t h a t  th e s e  c h a r a c t e r i s t i c  
v a lu e s  o f  h  a re  a l l  r e a l ,  and d i s t i n c t .
13 - 5  E x te n s io n  o f E lo q u e t 's  th e o ry  f o r  th e  case  v  -  •g'
5-31 G eneral s o lu t io n  o f th e  d o u b ly -p e r io d ic  H i l l  e q u a tio n  
n o t  in v o lv in g  a  lo g a r i th m ic  te rm .
In  §§ 5-1) 5*2 we showed t h a t ,  i n  th e  s p e c ia l  case  o f .
L am e's e q u a t io n  w ith  v h a l f  an odd in te g e r ,  i t  i s  p o s s ib le
f o r  th e  g e n e ra l  s o lu t io n  n o t  to  in v o lv e  a - lo g a r i th m ic  te rm .
In  t h i s  p a ra g ra p h  we w i l l  c o n s id e r  th e  d o u b ly -p e r io d ic  H i l l
*1 .e q u a t io n  , i n  th e  c a se  when v = b u t  assume t h a t  th e  g e n e ra l , 
s o lu t io n  does n o t  in v o lv e  a  lo g a r i th m ic  te rm . ¥ e  s h a l l  show 
t h a t  th e  g e n e ra l s o lu t io n  w i l l  th e n  alvjays be  un ifo rm  i n  th e  
z -p la n e  c u t a s  d e s c r ib e d  i n  § 4 .5 1  w here, i n  t h i s  c a s e , each 
c u t  c o n ta in s  p r e c i s e ly  two s i n g u l a r i t i e s  o f th e  d i f f e r e n t i a l  
e q u a t io n . '
I f  th e  g e n e ra l  s o lu t io n  o f 1 .1 (1 5 )  does n o t  in v o lv e  a 
lo g a r i th m ic  term  t h e r e . e x i s t  two in d e p e n d e n t ' s o lu t io n s  of 
th e  form
w(z) = ( z - i k  )™^ Z C2p (z ‘“ik  )^ ^  , . (1)
3  CO
and : w (s)  = ( z- I k ' S  L ^ C z- I k ' . - I ( 2)2r
1 2 4 .
—1C le a r ly  i n  t h i s ,  c a se  th e  c o n s ta n t  a = -  a = i  and th e  
m a tr ix  M i s  g iv en  by
M = ( ^ °  ) =. i l  . . . (3)
The u n ifo rm ity  c o n d it io n  4 .5 1 (3 )  f o r  th e  case  m = 2 becomes
TM^  = M“ ^T . ■ • (4 )
However, s in c e  M = i l  t h i s  e q u a t io n  w i l l  alw ays h o ld  and 
th u s  th e  g e n e ra l  s o lu t io n  w i l l  alw ays be un ifo rm  in  th e  c u t 
p la n e .  (The m a tr ix  T i s  n o t ,  o f c o u rs e , a r b i t r a r y  s in c e  i t  
depends on # (z) i n  th e  o r ig in a l  e q u a t io n  and by  s p e c ify in g  .
t h a t  no lo g a r i th m ic  term  o c cu rs  i n  th e  g e n e ra l s o lu t io n  we
h a v e , i n  e f f e c t ,  im posed a  r e s t r i c t i o n  on § (z) and hence 
on T) . F u rthe rm ore  e q u a t io n  4 .4 (6 )  s t i l l  a p p l ie s  and 
b ecau se  M = i l ,  T m ust a ls o  be  such t h a t
. = -  I  . (5 )
C onsequen tly  we have t h a t  i f  v = •g’ and th e  g e n e ra l  s o lu t io n  
does n o t . in v o lv e  a  lo g a r i th m ic  term  th e  g e n e ra l  s o lu t io n  
w il l ' b e  un ifo rm  th ro u g h o u t th e  c u t  z -p la n e  and i f  W(z) i s  
th e  s o lu t io n  v e c t o r . 1 ,
th e n  from  4 .4 (1 )  '
' . V ¥ ( z + 4 i K ')  = A ( z )  :
. , = -  W(z) 5 „ (7)
: 125.
A '-iv .and b o th  s o lu t io n s  w(z) and w (z) a re  p e r io d ic  w ith  p e r io d
5 :81% .
From § 4 .5  th e  H erm ite  a n a ly s is  w i l l  a p p ly  i n  t h i s  c a se  
and show t h a t  th e r e  m ust e x i s t  a t  l e a s t  one d o u b ly - 
m u l t i p l i c a t iv e  s o lu t io n  w ith  p se u d o -p e r io d s  2%, 2i% .
As an example o f th e  above we r e f e r  to  § 5*1 f o r  i t  was , 
shown t h a t  u n d er th e  assum p tion  t h a t  th e  g e n e ra l  s o lu t io n  o f  
Lam e's e q u a t io n  does n o t  c o n ta in  a  lo g a r i th m ic  term  th e r e  
e x i s t  two in d ep en d en t s o lu t io n s
w (z) = ( c n z + d n z ) ^  , (8)
A 1.and w (z) = (on z -  d n a )^  . (9 )
t' Both th e s e  s o lu t io n s  a re  m u l t i p l i c a t iv e  f o r  p e r io d  2i% w ith
sp e r i o d i c i t y  f a c t o r  -  i  and a re  th e r e f o r e  a n t i - p e r i o d i c ,  4iK ,
Ai n  agreem ent w ith  e q u a t io n  ( ? ) .  w (z) 4-w(z) i s -  
m u l t i p l i c a t iv e  f o r  th e  r e a l  p e r io d  2% w ith  p e r i o d i c i t y  f a c to r  
- i  and c l e a r l y ,  t h e r e f o r e ,  i t  i s  d o u b ly -m u l t ip l ic a t iv e  w ith
Ip se u d o -p e r io d s  2%, 2i% .
5.52 G eneral s o lu t io n  o f th e  d o u b ly -p e r io d ic  H i l l  e q u a tio n  
in v o lv in g  a lo g a r i th m ic  term
L e t th e  z -p la n e  be c u t  a s  d e s c r ib e d  i n  § 4 .5 1  and be 
such t h a t  each c u t c o n ta in s  p r e c i s e ly  two s i n g u l a r i t i e s  o f 
th e  d i f f e r e n t i a l  e q u a t io n  1 .1 (1 5 )*  In  t h i s  p a ra g rap h  we. 
w i l l  i n v e s t i g a t e  th e  c o n d it io n s  under which th e  g e n e ra l 
s o lu t io n ,  when in v o lv in g  a lo g a r i th m ic  te rm , w i l l  be un ifo rm  
th ro u g h o u t th e  c u t  p la n e .
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I f ,  i n ; t h e  neighbou rhood  o f a  s in g u l a r i t y ,  th e  g e n e ra l 
s o lu t io n  o f th e  d o u b ly -p e r io d ic  H i l l  e q u a t io n  c o n ta in s  a 
lo g a r i th m ic  term  we have two in d ep en d en t s o lu t io n s  o f th e  
form
\  ^  ■ A , 4  <= Aw(z) = (2—i k  ) Z c ( s —i k  )I 2 r (1)
w(3) = A w (s) f n ( z “ i k  ) + Z c ( z - ik
-CO ^
= Aw (z) f n ( z - i k  ) 4- w(z) , say , (2 )
A twhere w (z) and w (z) a re  v a l i d  i n  0 < I z - ik  I < H =.
( , m in ( 2 k ,2 ik  ) and A /  0 , F o r a p o s i t iv e  c i r c u i t  about
fz = i k  ( i . e .  )
A b e * (3a)
%(z) b ic ' w(z) (3b)
and h s '  A ,w(z) -> -  Aw (z) ( f n ( z - i k  ) 4-2mi} -  w(z)
2 m iA w (z )•- w(z) (4 )
Thus i f  ¥ ( z )  r e p r e s e n ts  th e  s o lu t io n  v e c to r
¥ ( z )  I w(z)Aw(z) ( 5 )
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H- rrtIK'th e n  . ¥ ( z )  4 S ^ ¥ (z )  , . (6 )
«■ i  tzAwhere . 8 = [ j . (7)0 - i
ANow w (- z) = - i w _ ^ ( z )  + Atcv7_^(z) , (8)
A Aand w (“ z) = “ iw ^ ^ (z )  , ' : ,.(9)
i n  which,v7_2_(2) and w_^(z) a re  s o lu t io n s  v a l id  f o r  
0 < ! z 4- i k  1 < R* From th e s e  e q u a t io n s
w( ~ z ) /  \  w _^(z)
o r  W t ( z ) = S“ ^ W ( - .z ) ' .  (11)
I f  th e  m a tr ix  T i s  d e f in e d  a s  i n  4 .4 (1 )  th e n  s im i la r  to  
e q u a t io n  4 .4 (5 )  we have t h a t
W(z) = TS“^V/(-z) , (12)
and ttLUS (TS“ ^ )^  = I  • (15)
The g e n e ra l  s o lu t io n  w i l l  he. un ifo rm  th ro u g h o u t th e  c u t -  •
p la n e  i f  and o n ly  i f  a  u n ifo rm ity  c o n d it io n  o f th e  form ■
^-1  q2 ^g2 ^ X , (14)
i s  s a t i s f i e d .  I t  i s  n o te d  t h a t  e q u a t io n  (14) i s  s im ila r  to
12 8 ,
5*31(4) w ith  v r ^  r e p la c e d  b y
We h av e , t h e r e f o r e ,  S ^ ) and r e q u i r e  to
d e te rm in e  T such t h a t
and .
To s im p li fy ,  l e t  TS ^ = IJ, so T = US and If" = 1 . E q u a tio n  
(14) th e n  becomes
g - l ^ l g 2 ^ g 3  = I  , (15)
o r
I f  V = 8^ t h i s  g iv e s  t h a t
x .e*  v u = u v ,5
VIT V = U ,
d  2TciA\ n. /" I  - 2TciA .where V = ( ) and = I  ^  ^ ) * l e t  th e0 ™1 /  \  0 -1
m a tr ix  U be g iv en  by
u  = r  ^ ^  ' i , (18)
, - a  4- Xc -b  + Xd th e n  Vtr = f ) , (19')- c  -d
where X = 2%i A. A lso we have t h a t
= ( ) . (2 0 )
1 2 9 .
a — Xa — b
c “  Xc -  d '
E q u a tio n s  ( I ? )?  (19) and (20) g iv e  th e  fo llo w in g  fo u r  
s im u lta n e o u s  e q u a t io n s , nam ely
-  a  4- Xc = -  a  5 (21a)
" b + X d  = - X a - b ,  . (21b)
-  c = -  c , (21c)
. « d = -  Xc -  d . (21d)
These e q u a t io n s  w i l l  be  s a t i s f i e d  i f  and o n ly  i f
. X = ; 0 , . (22a)
o r a  4- d = 0 = c . (22b)
However, X = 0 => A = 0 w hich i s  im p o ss ib le  s in c e  th e  . . ., .
lo g a r i th m ic  term  would th e n  v a n is h , and th u s  we m ust have *
c = 0 and a = ™ d * (23)
"p ONow b = I  w hich g iv e s  a  = 1 ,  i . e .  a  = ± l .  The p o s s ib le  
form s o f th e  m a tr ix  IT a r e ,  t h e r e f o r e ,
/  1 b \  /  -1  b \  .u = ( ) o r  ( , ) (24)\  0 -1  /  \  0 1 /
where b i s  a r b i t r a r y ,  whence
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-i- b* \ / i  b 'T = ' ) or f . . Y' /  (25)0 i  /  \  0 - i
' ■ ■ ■ " ■  ‘ 1  ",We conclude . th a t  i f  v and th e  g e n e ra l s o lu t io n  o f -
th e  doubly -p  e r io d ic  H ill-  e q u a t io n  in v o lv e s  a  lo g a r i th m ic
te rm , th e  g e n e ra l s o lu t io n  i s  un ifo rm  in  th e  c u t p la n e  x f
and o n ly  i f  th e re ,  e x i s t s  a  s o lu t io n  which i s  m u l t i p l i c a t iv e
' , * ■ . . • ; f o r  th e ; p se u d o -p e r io d  2i% .w ith  p a th  f a c t o r  ± i«
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APPENDIX A
- IX«7Q-Parameter ' E ig en v a lu e  Problem s .
A.O , In t r o d u c t io n
In  b i s  paper, on tw o -p aram ete r e ig en v a lu e  problem s 
A rs c o tt  [ 3 ]  c o n s id e re d  a  t y p ic a l  problem  posed  a s  fo llo w s ;
2
"In  th e  e q u a t io n  + {X + p f ( z )  + g(z)}w ' -  0 , ( l )
'
th e  f u n c t io n s  f ( z ) ,  g (z )  a re  g iv e n , and c o n s ta n ts  a ,b , c  a re , 
a ls o  g iv e n . , I t  i s  r e q u i r e d  to  f i n d  v a lu e s  o f  X and p such 
t h a t  th e  e q u a t io n  may p o s s e s s  a s o lu t io n  w (z ) , n o t  
i d e n t i c a l l y  z e ro , s a t i s f y in g  th e  boundary  c o n d it io n s  .
w(a )  = w(b) = w(c) = 0 " .  (2)
S u b seq u en tly  Gregu's, Neuman and A rs c o tt  [1 8  ] have 
e s ta b l is h e d  th e  e x is te n c e ,  un d er q u i te  b ro ad  c o n d it io n s ,  o f 
such a s o lu t io n .
The form  o f th r e e - p o in t  boundary  c o n d it io n  (2 ) i s  th e  
same ty p e  a s  t h a t  g iv en  i n  T able IX (§ 2.4-1) and in  t h i s  
append ix  we g e n e r a l i s e  th e  r e s u l t s  g iven  in  [ 3 ] a s  th e y  can 
be  ex p ec ted  to  a p p ly  i n  c e r t a i n  c irc u m sta n ce s  to  th e  d o u b ly - 
p e r io d ic  H i l l  e q u a t io n  1 .1 ( 1 3 ) ° I t  i s  e a s i l y  seen , f o r  
exam ple, t h a t  th e  s p e c ia l  c a se  o f nam e 's e q u a t io n  i s  indeed  
a  tw o -p aram ete r (h  and v (v  + l ) k  ) e q u a t io n  o f th e  ty p e  g iv en  
above and th e  o r th o g o n a l p r o p e r t i e s  g iven  i n  § A .8 c o rre sp o n d  
to  th o se  d e s c r ib e d  i n  § 3*3»
1 3 2 .
Aol . QoEïbined "bonridary c o n d it io n s
I n i t i a l l y  we c o n s id e r  a  v a r i a n t  o f  th e  problem  g iv en  in  
C 5 ] a s  fo llo w s ; th e  boundary  c o n d it io n s  (2) sæe r e p la c e d  
by  th r e e  c o n d it io n s  o f  th e  ty p e
, s i n  '{\^  w (z^) + cos '0^  w* (s^ )  -  0 , ( i  = 1 ,2 ,$ ) ,  ($)
where -q. a re  a l l  c o n s ta n ts .  F or t h i s  f i r s t  c a se  th e  
a n a ly s i s  i s  g iv en  i n  d e t a i l  and on th e  same l i n e s  as [ $ ] in .  
o rd e r  to  p ro v id e  c o n s is te n c y  i n  th e  r e s u l t s  and f o r  ease  o f 
r e f e r e n c e .  However, i n  th e  o th e r  two e x te n s io n s  d is c u sse d  
(§§ Ao7, Ao8) o n ly  th e  r e s u l t s . w i l l  be  g iv e n .
A .2 R ed u c tio n  to  a  o n e -p a ram e te r problem  in  p a r t i a l  
d i f f e r e n t i a l  e q u a t io n s
L e t ¥ ( a ,p )  s  w (a)w (p) th e n  from  ( l )  we o b ta in  th e  
fo llo w in g  two e q u a t io n s  ' /
■ 2 + {X + p f (a )  + g (a )  }¥ = 0 , C'^a)
,0a
2^ 4 . { X  + p f ( (3 )+ s (P )} ¥  = 0 (4-b)a p r
and b y  s u b t r a c t io n
2 2ÈÆ _  ^ ( p [f  (a ) -  f  ((3) ] + s (a )  -  g (P ))¥  . = 0 . (5 )a o t  a p r
Ih e  boundary  c o n d it io n s  become
' ' - ' \ . 1 $ $ . ' 
sin ri. sin p. ¥(z.'jZ.) .4- sin p. cos -q. ¥  .(z. , z.) .. .. . i ,  . J J. J .• J-, d ,■ J 4. J ,
+ s in  'q. COS n- ¥ . ( z . , z .) + cos Tp cos *q• VJ. . ( z . , z .) = 0 , d ^  U r  d d . 4. d d
. .  ( i , i  = 1 , 2 , 3 )  ' (6) '
where ¥ • ( z - s z . ) ,  f o r  exam ple, d e n o te s  p a r t i a l  d i f f e r e n t i a t i o n  
w ith  r e s p e c t  to  th e  f i r s t  v a r i a b le .
, Ih e  param eter. X h a s  b een  e lim in a te d  and o n ly  p i s  now 
in v o lv e d . T his r e d u c t io n  h a s ,  how ever, been  a ch iev ed  a t  
th e  c o s t  o f r e p la c in g  th e  o r ig in a l  d i f f e r e n t i a l  e q u a t io n  by  
a p a r t i a l  d i f f e r e n t i a l  e q u a t io n . A f u n c t io n  .¥(a , P) which 
s a t i s f i e s  (5 ) and (6 ) i s  n o t  n e c e s s a r i ly  o f th e  's e p a r a b le  
form ', w(a) w(p) and so does n o t a u to m a t ic a l ly  y i e l d  a 
• s o lu t io n  o f th e  o r ig in a l  p rob lem .
A .$ O r th o g o n a li ty  P r o p e r t ie s  
: bL et f. dz d en o te  c o n to u r  i n t e g r a t i o n  a lo n g  a p a th  in  th e
acomplex z -p la n e  jo in in g  a and b and n o t p a s s in g  th ro u g h% • ..
any s i n g u l a r i t y  o f  th e  d i f f e r e n t i a l  e q u a t io n  ( l ) .  There. ■
may, o f c o u rs e , be  more th a n  one such p a th ,  b u t  wherever, 
bth e  symbol f dz o c c u r s ,  i t  w i l l  be  assumed to  r e f e r  to  th e  
same p a th .
I f  p i n  (1 ) i s  re g a rd e d  a s  f ix e d ,  th e  problem  o b v io u s ly  
re d u c e s  to  a  o n e -p a ram e te r e ig e n v a lu e  problem  and we have .■ 
im m ed ia te ly  th e  s ta n d a rd  o rth o g o n a l p ro p e r ty  w hich .
A rs c o t t  Ç$ 3 r e f e r s  to  as * o rd in a ry  o r t h o g o n a l i t y ', i« e .
. L e t w^Cz), WgCz) be s o lu t io n s  o f e q u a t io n s  ( l )  and ($) 
f o r  th e  same p b u t  d i f f e r e n t  X, say  X^  ^ and Xp, th e n
1$ 4 .
J . Wn Wp dz = J v/n vjp hz = J Wm Wp dz = 0 . (?). ^ , 1 2  -  -  J , .  "1 "2
The p ro o f  i s '  c a r r i e d  o u t on th e  u su a l . S tu rm -iiio u v i l le  l i n e s  
to  g iv e
b 1 { D ■(X^-X^) , J  dz -  [#2^2 ° (8)
How i f  s i n  r\  ^ 4* cos = 0 and
Is in  T]^  i  cos r\  ^ w^ (z^ ) = 0 th e n  s in c e  s in  and
t Îcos a re  n o t  b o th  zero  ^^i^ ” '"'l (^ i^ ^ 2 ^ ^ i^  “
Thus i f  ( a ,b )  = (z^sZ g) o r  ( z ^ s z - )  o r (z^^z^) th e  r ig h t-h a n d  
s id e  o f (8 ) v a n is h e s  and p ro v id e d  /  X2
%2 %5 %$r W-, w,-) dz = r W-, w^ dz = r w-, w^ dz = 0 .
S o lu t io n s  o f th e  d i f f e r e n t i a l  e q u a t io n  ( l )  w ith  
d i f f e r e n t  v a lu e s  o f  p a n d /o r  X s a t i s f y  a w ider o r th o g o n a l i ty  
p r o p e r ty  w hich, i n  o rd e r  to  d i s t in g u i s h  from th e  ty p e  
d is c u s s e d  above, A rs c o t t  [ $ ]  c a l l s  ' double o r th o g o n a l i ty * .
Theorem A .l .
L e t v ^ ( z ) ,  V g(z) be  s o lu t io n s  o f e q u a t io n s  ( l )  and ($ ) 
f o r  d i f f e r e n t  X a n d /o r  p. L e t and (PpiPp) deno te
d i f f e r e n t  members,, o f th e  v a lu e - p a i r s  (z^^Z g), ( z ^ ,z ^ ) ,  
(zgîZ^);;. . th e n  ;
: 1 3 5 .
OLg Pg ,
f  f  V- ,  ( o c ) v .  ( P ) v p ( a ) v p ( P ) { f  ( a ) - f  ( p ) } d a d p  =  0  ,  ( 1 0 )
"1 9 i
P ro o f
L et ■
V ^ (a ,p ) =  v^C a)v^(p) , ( r  = l , 2 ) ,  (11)
and th u s
, ô^v, a2?  -------- p“ +[Un { f ( a ) - f  O )}  + s ( a )  -  g(p)]V., Ca, P) = 0 ,ôa"  ^ -L (12)
w ith  a s im i la r  e q u a t io n  f o r  V2(a ,P )*  M u lt ip ly in g  by 
r e s p e c t iv e ly  and s u b t r a c t in g  g iv e s
X {f(a)-f(P))7i72 =  . 0 .  . ( 1 5 )
I n t e g r a t i n g  ov e r ( o ^ ja o ) ,  (P]_5pp) 'by p a r t s  w ith  r e s p e c t  to  
a  o r  p g iv e s  .
( p , - p , )  I  r { f(a )" f(P )}V ,V p âad p
"1 Pi .
^ 2  av, a v - ap “2 3Y„ 3V,
= lo [ ^ 2 W -  h - a S - h . - "  I ' ^ h - ô F " ^ 2 T F \ ' ^ “ *
■ f*! ^  “l  . .
- ( 1 4 )
136 ,
How 'av. aVg ag ,
[ ^ 2 - a r  -  h — h .  = [V 2(a)v2 (p )v^  ( a ) v i ( P )
OCX -L
v ^ (a)v^ (p )v2 (p )v2*  (a)]^"^' 1
= V 2(P)v^(p) Cv  ^ (a )v 2 (a )
s <“  v ^ (d )v 2  (cc)] O^g
- = 0 , (13)
becau se  v ^C a), V g(a) s a t i s f y  th e  boundary  c o n d it io n s  (3)«
The same h o ld s  f o r
aVg aV i.Ppl~alJ' p and th u s  f o r
.ttg pg
r f { f (a )  -  f(p)}V ,V „a.adp = 0 . (16)“1 h  , 2 ■ -
\’/hen -  2^ ^nd /  Xg we w r i te  th e  l e f t - h a n d  s id e  o f (10) 
a s
(%2 Pg
J f ( d ) y ^ ( a ) v 2 ( a ) d a  J  v^(p)v2"ÏP)dp
“1 - : h  ' ■ . ■ . .
Pg (%2
-  f  f  ( p ) v - ,  ( p ) V g ( p ) d p  r V-, ( a ) v g ( a ) d a  ,  (1?)
Pi : . . “1
and from  (? )  th e  second and f o u r th  i n t e g r a l s  v a n is h  and 
hence th e  r e s u l t  i s  e s ta b l i s h e d .  *
■ ; 1-57.
Âo4 E .igenxim ction  ex p an sio n s
From the- o r th o g o n a l i ty  theorem s in  § A .3 th e r e  fo llo w  
' im m ed ia te ly  two fo rm al e ig e n fu n c tio n -e sp a n s io n  theo rem s.
We s h a l l  o n ly  b r i e f l y  i n d ic a te  th e  r e s u l t s  o b ta in e d  s in c e  
th e  rem arks g iv en  i n  ( § 4  [ 3 3 P« 464) a p p ly  w ith o u t any . 
m o d if ic a t io n s  h e re .
,The two fo rm al theorem s a re :
I .  . I f  a  fu n c t io n  F (z )  i s  e x p re s s ib le  a s  a s in g le  s e r i e s
F (z )  = S a . w . . ( z )  , (18) ^ 3 10
( th e  summation b e in g  ov e r a l l  a d m iss ib le  v a lu e s  o f j )  th e n  
fo rm a lly  th e  c o e f f i c i e n t s  a .  a re  g iv en  a s  fo llo w s :o
aj J(w^j(z))^dz = jF(z)Wjj^^(z)dz , (19)
where th e  i n t e g r a t i o n  i s  over any o f th e  th r e e  p a th s  
(z ^ îZ g ) , (z g iZ z ) , (z ^ ,z ^ )o  Some exam ples o f th e  ran g e  o f 
p o s s ib le  j  a re  g iv en  i n  C 3 3  p .  464 and th e  c o e f f i c i e n t s  a .u
can o n ly  be d e te rm in ed  i f  th e  i n t e g r a l  on th e  l e f t  i s  non­
z e ro ; th e  c o n d it io n s  f o r  t h i s  a re  g iv en  i n  [ 3 3 p i  462.
H o I f  a  fu n c t io n  F (a ,P )  i s  e x p re s s ib le  a s  a double  s e r i e s
F (a ,P )  = IS  A. .w. .(a)w . .(P ) , (20)i j  - J
th e n  th e  c o e f f i c i e n t s  A . . s a t i s f y  th e  e q u a t io n
' . ' : : i i :  ;138.
(a )  -  f  (P)}dad6
= JjF(o:,p)W j^j(o:)W j^j(p)(f(a)"f(p)}dadp. (21)
Once a g a in  th e  i n t e g r a t i o n  i s  ta k e n  over any two o f th e  
th r e e  p a th s  (zg^z^P? (z^^jz^)» For f u r t h e r  rem arks
co n ce rn in g  th e  e x is te n c e  o f t h i s  ty p e  o f expansion ' r e f e re n c e  
i s  a g a in  made to  A rs c o t t  [ 3 ] p .  463.
Ao3 R eal c h a r a c te r  o f th e  e ig e n v a lu e s
The o r th o g o n a l i ty  r e l a t i o n s  (§ A .3) can  be u se d  to  . 
p ro v e  t h a t  i f  'ri- ( i  = 1 ,2 ,3 )  sire r e a l ,  th e n  un d er c e r t a in  
c irc u m s ta n c e s  th e  e ig e n v a lu e s  o f  X, p a re  a l l  r e a l .  ,
Theorem A .2
Denote by  u (z ,X ,p )  a  s o lu t io n  o f  ( l )  such t h a t  
s i n  u^ u (z^ ,X ,p ) - 5-  cos p^u' (z ^ ,X ,p )  ~ 0 and b y  ( a ^ ,a2) ,  ,
(p fsP g ) d i f f e r e n t  v a lu e - p a i r s  o f  (z^,%2) )  ( z2,z% )i ( z ^ ,z ^ ) .
Suppose a ls o  t h a t  ( i  = 1 ,2 ,3 )  s r e  r e a l .
L e t . ■
( i ) ,  .p a th s  (o^io^p)  ^ ( Pp3 ^2^ e x i s t  which a re  p a r a l l e l  
t o  . e i t h e r  th e  r e a l  o r  th e  im ag in ary  a x is  and . 
which do n o t  p a s s  th ro u g h  any s i n g u l a r i t y  o f '
-. th e  d i f f e r e n t i a l  e q u a t io n  ( l ) ,
. ( i i )  u (z ,X ,p )  b e  e i t h e r  r e a l  o r p u r e ly  im ag in ary  on 1 
( a ^ ,a2) and (P^, P2) f o r  r e a l  X, , p, ; , j
( i i i )  f  (a )  -  f  (P) be  r e a l  and o f one s ig n  f o r .
, , , cc 6 [a^ ,a 2 3  and p, 6 CP^) ^2^'
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Then th e  e ig e n v a lu e s  o f  (1 ) and (3) a re  r e a l .
P ro o f :
The e ig e n v a lu e s  X, p a re  d e te rm in ed  by  th e  two ; 
e q u a t io n s
s in  iqguCzg^X^p) -f* cos CZ25X, p) = 0 (22a)
s in  n ^ u (z^ ,X ,p ) 4- cos r i^ u '(z ^ ,X ,p )  = 0 , (22b)
so i f  X, p a re  e ig e n v a lu e s
sin ri2u ( z2,X5p) 4- cos ri2u ‘ (Z25X5p) = 0 , (23a)
s in  T)^u(z^,X, p) 4* cos r i^ u '(s ^ ,X ,p )  = 0 (23b.)
How th e  s i n g u l a r i t i e s  o f ( l )  do n o t depend on X, p and. 
th e  c o e f f i c i e n t s  o f ( l )  a re  l i n e a r  in  X, p and th u s  from 
( [  11 ] p .  75) u ( z2)X ,p ), u (z _ ,X ,p )  u® (z2sX, p) and u K z ^ jX , p)
a re  i n t e g r a l  f u n c t io n s  o f X, p and r e a l  o r p u r e ly  im ag in ary  
when X and p a re  b o th  r e a l ;  th u s  we have
$1=3 «•*=> “«a «==»s in  cos U2n® (zg  = 0 , (24a)
0=3 taxa * «=l 's in  Tt^u(z^ ,X, p) 4- cos p^u* (z^ ,X , p) = 0 , (24b)D O  0 0 ' • .
and X, p i s  a ls o  an e ig e n v a lu e  p a i r .  ■
' I f  X , p^ i s  a complex e ig e n v a lu e  p a i r  w ith  an 
a s s o c ia te d  s o lu t io n  u ( z ) ,  X^, p^ w i l l  be a n o th e r lie
140,
p a i r  w ith  a s s o c ia te d  s o lu t io n  u ( z ) .  Then by  th e  same 
re a s o n in g  t h a t  gave e q u a t io n  (10) w ith  p^ = p^,
Vf = u ^ , Vg = u ^ , i t  i s  c l e a r  t h a t
^^o'"^o) I  I  { f ( a ) - f ( p ) )u ^ (a )u ^ (p )u ^ (a )u ^ (p )d a d p  = 0 .
1  (25)
The in te g ra n d  i s ,  how ever, r e a l  and o f one s ig n  and th u s  th e
i n t e g r a l  w i l l  e i t h e r  be  r e a l  o r  p u r e ly  im ag in ary  b u t
c e r t a i n l y  n o t  z e ro ; hence p^ « p^ = 0 and p^ i s  re a l»  I f
X^sX a re  e ig e n v a lu e s  b e lo n g in g  to  th e  same p a  s im ila r
argum ent f o r  th e  f i r s t ' i n t e g r a l ,  r e l a t i o n  (8 ) shows a ls o  t h a t
X  ^ i s  r e a l ,  o
C o ro lla ry
I f  z^ ,Z2, s ^  a re  a l l  r e a l  w ith  < ^2 ^  f ( z ) , g ( z )
a re  r e a l  f o r  z  ^ ^  z ^  z? and f ( z )  i s  m onotonie f o r  .J_ p  '
z^ z ^  z? , ^ d  th e  e q u a t io n  h a s  no s i n g u l a r i t i e s  i n
Zn ^  z Zy} th e n  th e  e ig e n v a lu e s  a re  r e a l .a,
The p ro o f  i s  sim ple  s in c e  th e  c o n d it io n s  o f th e  theorem  
a re  c l e a r l y  f u l f i l l e d  i n  t h i s  c a s e .
A .6 I n t e g r a l  r e l a t i o n s  and I n t e g r a l  e q u a t io n s  . \ \
, The theorem s and c o r o l l a r i e s  g iv en  below  a re  th o se  . ,
g iv en  in  A rs c o tt  [ 3 ] b u t a re  in c lu d e d  h e re  f o r  ease  ;of 
r e f e r e n c e .
: . 14 1 .
Theorem A. 3 ( F i r s t  i n t e g r a l  theorem ) , ■
L et
( i )  w(z) be  a  s o lu t io n  o f v / '' + (X + p f(z)+ g (z))w  = 0 ,
(26)
( i i ) , G (z ,z ’ ) be  a  s o lu t io n  o f th e  p a r t i a l  d i f f e r e n t i a l  
e q u a t io n  
2 2 [p ( f  ( z ) - f  (z* )} + g (s ) -g (z *  )]G  = 0 ,dz ÔZ® (27)
such t h a t  G (z ,z ’ ) i s  a n a ly t i c  when s ,z*  l i e .  i n  
c e r t a i n  r e g io n s  R,R o f th e  complex z - , z '- p l a n e s  ■ 
r e s p e c t iv e ly ,
( i i i )  C be  a  p a th  i n  th e  z® -p lane , ly in g  w h o lly  w ith in
5 ■ .R and such t h a t
1  i .  ( a )  . : 2
h a s  th e  same v a lu e  a t  th e  two ends o f ,C, .
(P) r G (z ,z® )w (z ')dz*  . e x i s t s  f o r  a l l  z i n  R and, 0 :
i f  th e  i n t e g r a l  i s  s in g u la r ,  i t  converges
; . .un ifo rm ly  w ith  r e s p e c t  to  z f o r  a l l  z i n  R.
Then ¥ (z )  s ' P G (z ,z* )w (z ')d z *  (28)
- 0 ' . -
s a t i s f i e s  (26) f o r  a l l  z i n  R.
1 4 2 .
C o ro lla ry  ( F i r s t  i n t e g r a l  e q u a tio n )
L et w (z ),w # (z) be  a p a i r  o f in d e p e n d e n t. s o lu t io n s  o f 
(26) such t h a t  w (z) can be  c h a r a c te r iz e d  by  p o s s e s s in g  a :
■ c e r t a in .p r o p e r ty  P , and w%(z) b y  p o s s e s s in g  a n o th e r  p ro p e r ty  
P^ % b u t  : a  com b ination  o f w,w* p o s s e s s e s  n e i th e r  P n o r P'".
L e t W (z), a s  d e f in e d  b y  (2 8 ) , be  n o t  i d e n t i c a l l y  zero  and , 
have p ro p e r ty  Po Then w (z) s a t i s f i e s  th e  i n t e g r a l  
e q u a t io n
w(z) = 6 J Gr(z,z* )w (z')dz®  , ’ (29)C
0 b e in g  a  c o n s ta n t .
In : e s t a b l i s h in g  t h i s  theorem  and c o r o l l a r y ,  A rs c o tt  
d id  n o t  r e q u i r e  u se  o f  any e x p l i c i t  boundary  c o n d it io n s  on
w (z) o r  on G (z ) . L e t u s ,  th e r e f o r e ,  now impose th e  f u r t h e r
r e s t r i c t i o n  t h a t  w (z) s a t i s f i e s  th e  boundary  c o n d it io n s  '
s in  w (z^) 4- co s i z j )  = 0 ,
s in  Ug ^ (z g )  4* cos Tig w®(z2) = . 0 ,
G th e  c o n d it io n s
s in  TV, G (z ,Z n  ) + cos Th x&r G (z ,z ' ) I = O ’,-L OZ , IsH z^ .
s in  T|g G ( z , Z g )  + cos Tu XTr G ( z ,z ')  , = 0 ,lz '= Z 2
and we talce th e  p a th  C a s  a s u i t a b l e  p a th  jo in in g  z* =, z^
. .1 4 3 .
to  z ' = Zg, -then t h i s  e n su re s  t h a t  th e  i n te g r a te d  term  does 
in d ee d  v a n is h  ^  i . e .  c o n d it io n  ( i i i ) ( a )  o f th e  p re v io u s  
theo rem  i s  s a t i s f i e d .  I t  i s  c l e a r  t h a t  th e  same w i l l  a ls o  
a p p ly  to  a  p a th  jo in in .g  z ‘ = z^ to  z® = z? o r  z* = Zg to  
z* = z? w ith  a p p ro p r ia te  changes i n  th e  boundary  c o n d it io n s  
above. /In  th e  c a se  o f M a th ie u 's and Lam e's e q u a t io n s  th e  
i n t e g r a l  theorem  p ro v id e s  a  v e ry  f r u i t f u l  so u rce  o f ' 
in fo rm a tio n  abou t th e  second s o lu t io n  and i t s  p r o p e r t i e s  
( [ 2 ]  ( [ 1 4 - ]  § 6 ) ) .  .
Itoeorem A.4- (Second i n t e g r a l  theorem )« m i l l , r . IIIHI 'l. l lf » l> —
L et '
( i )  w(z) be  a  s o lu t io n .o f  (2 6 ) ,
( i i )  E (a ,p ,Y ) be  a s o lu t io n  o f th e  p a r t i a l  d i f f e r e n t i a l  
■ e q u a t io n
2 2. 2
{ i(p )" f (Y )} “ § + ( l ( Y ) " f ( a ) } - ^ ^ - { f ( a ) - X ( P ) } — I- 8a ap 8Y
= -  [g (a ){ f (P ) - f (Y )} + g (B )C f (Y )^ f (a )}
4- s (Y ){ f(o :) - f  (p )3  H , (30)
such t h a t  S (a ,  p, y) I s  a n a ly t i c  when a ,p ,Y  l i e  in
re g io n s  Rp, o f th e  complex 0: -  , P -  , y "P l& n es
r e s p e c t iv e ly ,
( i i i )  C^, Cp be  p a th s  i n  E ^, Ep such t h a t
C ||i-i(a) « H (a ,P ,Y )w '(a ) ]Q  = 0 ,  , (31a)a
; /. ■ ■ . 1 4 4 .
~ H ( a ,p ,Y ) w '0 ) ) c  = 0 , (31b)
( iv )  V/(y) = 1 1  (f(a )"£ ( 'P )} H (a ,P ,Y )w (a)w (p )d ad P  (32)
■ • e x i s t s  and i f  s in g u la r  converges u n i f o m i l y  w ith  
- r e s p e c t  to  y when d ,P )Y  l i e  i n
Then ¥ ( z )  i s  a s o lu t io n ' o f  th e  d i f f e r e n t i a l  e q u a t io n  (2 6 ) .
Co r o l l a r y  (Second i n t e g r a l  e q u a t io n )
L ot ¥ ( y) v d e f in e d  a s  i n  (32) be  n o t  i d e n t i c a l l y  zero  
and have p ro p e r ty  P . Then w (z) ' s a t i s f i e s  th e  i n t e g r a l , ' 
e q u a t io n  • ; ‘
w(y) = /  f  J { f  ( a ) - f  (p ) )H (a5 P, Y)^*?(a)w(P)dadP 5 (35)
: - . '
where /  i s  a  c o n s ta n t .
I t  sho u ld  be n o te d  t h a t  A rs c o tt  [ 3 3 e s ta b l is h e d  t h i s  
second i n t e g r a l  theorem  and c o r o l l a r y  w ith o u t any boundary  
c o n d it io n s  a p p lie d  to  w(z) o r to  H (a ,P ,Y )î &nd so once a g a in  
we a re  a t  l i b e r t y  t o  impose r e s t r i c t i o n s  on w (z) and 
E(oc,^, Y) to  en su re  t h a t  e q u a t io n s  (31a ,b )  a re  s a t i s f i e d  f o r  
some C^, Cpo I f  w(z) i s  an e ig e n fu n c tio n  s a t i s f y in g  
c o n d it io n s  (3 ) and C^, Cg a re  s u i t a b le  p a th s  jo in in g . ,  
(oc^joc^) and (Pq^p2^ where (cx^^jcc^), (p2)^2^ a re  d i f i e r e n t  
p a i r s  o f  v a lu e s  from  th e  th r e e  i n t e r v a l  s e t s  (^ q t^ g ))
(zg ,z% ), (z . ,z % ) ;  th e n  th e  c o n d it io n s  im posed on E (a ,P ,Y )2 3 1 3
a re  a s  fo llo w s
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s in  TL B (a . ,p ,Y ) -i* cos -n. ^  E (a , P, y) | = 0
s in  Up , E (a ,p . ,Y )  + cos Up. E (a ,P , y) 3 3
0
p=pj
where j  >  1 ,2  and b y  u^ , up ûc mean t h a t  i f  ( f o r  in s ta n c e )
3 3
" (zqsZp) ^(3. ^2) = (z^,B%) th e n  -r^ = u^,
, ■ ■ ■ ' 1
%  Y '^Pg = '''3°
I t  i s  w orth  m en tio n in g  t h a t  w hereas i n  on r f i r s t  
in te g ra l-  r e l a t i o n s  we have n o t red u ced  th e  number o f 
p a ra m e te rs , i n  o u r problem  -  G i t s e l f  w i l l  c o n ta in  p and X 
h a s  been  re p la c e d  by  8 — , i n  th e  second r e l a t i o n s  th e  
e q u a t io n  f o r  E (a , P, y) i s  c o m p le te ly  in d ep en d en t o f b o th  X 
and p and th e  o n ly  p a ra m e te r  rem ain in g  i s  th e  /  o f th e  
i n t e g r a l  e q u a t io n  ( 3 3 ) »
A .7 S in g ly -p e r io d ic  tw o -p aram ete r e ig e n v a lu e  problem
I n  th e  second e x te n s io n  o f th e  problem  g iv en  in  
A rs c o tt  [ 3 ]  we c o n s id e r  a  v a r i a t i o n  o f th e  tw o -p aram ete r . 
p roblem  a s  f e l l o w s : -  ::
The f u n c t io n s  f ( z ) , g ( z )  a re  s in g ly - p e r io d ic ,  i . e .  
f u n c t io n s  w ith  p e r io d  P , say , and th e  boundary  c o n d it io n s
(2) a re  re p la c e d  by
: w(a) = w(a + P ) , w*(a) = w® (a4-P), w(c) = 0 - ( 3 4 a ,b ,c )
where a and c a re  c o n s ta n ts  and n o t s in g u l .a r i t i e s  o f th e
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d i f f e r e n t i a l  e q u a t io n  ( l )  » ' Throughout t h i s  par-agraph (and 
in  th e  fo llo w in g  p a ra g ra p h  A .8) any p a th s  o f i n t e g r a t i o n  a re  
such t h a t  th e y  a v o id  any s i n g u l a r i t i e s  o f ( l )  end we assume 
t h a t  some co n v en tio n  (su ch  a s  th e  in t r o d u c t io n  o f c u ts )  h a s  
b een  ad o p ted  to  en su re  th e  a n a ly t i c  c o n tin u a t io n  o f w(z) i s  
un iq u e  th ro u g h o u t th e  z -p la n e .  C le a r ly  i f  w (z) i s  a . 
s in g ly - p e r io d ic  s o lu t io n  o f e q u a t io n  ( l )  w ith  p e r io d , P , we 
can o b ta in  boundary  c o n d it io n s  o f th e  ty p e  (54) and th e  
■ re su lts  we s h a l l  o b ta in  w i l l  a p p ly  e q u a lly  to  t h i s  c a s e .
F o r th e  r e d u c t io n  to  a  o n e -p a ram ete r problem  (se e  § A .2) 
th e . p a r t i a l  d i f f e r e n t i a l  e q u a t io n  (3 ) rem ains u n a l te r e d  and 
' th e  boundary  c o n d it io n s  ,on W(a, p) a re
W (a,c) = W (c,p) = 0 , ' . (53a)
W (a,a+P) = W (a,a) = W (a+P,a) , . (53h)
V ^  = ^ W C a , p ) ! p = a ^  . ! (35d) ,
; Hence w ith  s l i g h t  m o d if ic a t io n s  th e  r e s u l t s  o f  ([  5 ]. § 2) 
ap p ly ' to  th e  s in g ly - p e r io d ic  c a s e . The same i s ,  how ever, .
■ n o t  th e  c a se  f o r  th e  o r th o g o n a l i ty  p r o p e r t i e s ,  i n  a s  much .
a s  th e  doub le  o r th o g o n a l i ty  p ro p e r ty  no lo n g e r  h o l d s ‘in  
• g en era l, and the, o rd in a ry  o r th o g o n a l p r o p e r t i e s  becom e:- 
i f  w ^ ( z ) ,  W p ( z )  a re  s o lu t io n s  o f ( l )  and (54) f o r  th e  same
p b u t . d ifferm ent v a lu e s  (X^ 5X2) o f  X,
1 I I47. 
a+P -J  V7^(a)v/2(z)dz = 0 , (56a)
c G TJ  w ^ ( z ) w 2 ( z ) d z  =  I  ^ w ^ ( z ) w 2 ( z ) d z  =  - ^ - j y ^ ^ ; ^ l ' f ( w ^ ( a )  5 V . ' 2 ( a ) )
(36b)
where l'f(w^( a) ,X'jg( a ) )  d e n o te s  th e  Wr on sk i an o f v/j|^(z) ,w ^(z)
e v a lu a te d  a t  z -  a .  The p ro o f  o f  (5 6 a ,b )  fo llo w s  
im m ed ia te ly  from th e  a n a ly s is  d e s c r ib e d  i n  § A .5*
I t  i s  w orth  n o t in g ,  how ever, t h a t  i n  many c a se s  
l\T(w^(a) ,X'72(^)) t n  f a c t  v a n is h e s  so t h a t  th e  doub le  
o r th o g o n a l i ty  p r o p e r ty  s t i l l  ho lds*  For in s ta n c e ,  i f  
w^ (a )  = Wp (a )  = 0 t h i s  w i l l  be  th e  case* An example o f . 
t h i s  p ro p e r ty  f o r  M ath ieu  fu n c t io n s  i s  g iv en  i n  McLachlan 
[ ] H ]  § 9 .4 0 .
S in c e , f o r  th e  s in g ly - p e r io d ic  c a se , we can , i n  g e n e ra l ,  
o n ly  o b ta in  one o rd in a ry  o r th o g o n a l i ty  r e l a t i o n  (56a) when 
th e  i n t e g r a t i o n  p a th  i s  ov e r [aga-vP] i t  i s  c l e a r l y  o n ly  
p o s s ib le  to  o b ta in  a  fo rm al e ig e n fu n c tio n  expansion  o f a 
fu n c t io n  F (z ) a s  a s in g le  s e r ie s *
.B ecause , i n  g e n e ra l ,  th e  doub le  o r th o g o n a l i ty  r e l a t i o n  
no lo n g e r  a p p l i e s ,  i t  i s  n o t  p o s s ib le  to  r e i t e r a t e  .Theorem 
A .2 re g a rd in g  th e  e ig e n v a lu e s  X and p b e in g  r e a l .
I t  was rem arked i n  § A .6 t h a t  th e  i n t e g r a l  theorem s and 
c o r o l l a r i e s  d id  n o t  depend on th e  boundary  c o n d it io n s  
im posed on w(z) and c l e a r l y ,  t h e r e f o r e ,  th e s e  theorem s w i l l  
a p p ly  to  th e  s in g ly - p e r io d ic  c a s e . However, i f  we impose 
th e  boundary  c o n d it io n s  on w(z) a s  g iven  i n  (5 4 ) ,  th e  n a tu r e  
o f  th e  c o n d it io n s  t h a t  m ust be im posed on G (z ,z ‘ ) and
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t o 'e n s u r e  th e  v a n is h in g  o f th e  in te g r a te d  te rm s , 
w i l l  depend to  a l a r g e r  e x te n t,  on th e  p a th  C chosen .
C le a r ly  i f  0 i s  chosen  to  he  from  z ~ a to  z -  a-i-P. th e  form  
o f G and H i s  c o m p le te ly  d i f f e r e n t  to  t h a t  i f  C was from- 
z = c to  z = a+Pj sa y .
A .8 D o u h ly -p e rio d ic  tw o -p aram ete r e ig e n v a lu e  problem
The d o u b ly -p e r io d ic  tw o -p aram ete r e ig e n v a lu e  problem  
i s  d e s c r ib e d  a s  f o l lo w s : -
C onsider th e  d i f f e r e n t i a l  e q u a t io n .
-h (X + p f(z )+ g (z )} w  = 0 , (57)dz .% ■
where f ( z )  and g (z )  a re  d o u b ly -p e r io d ic  \\d th  in d ep en d en t 
p e r io d s  P and P . The boundary  c o n d it io n s  (2 ) a re  re p la c e d  
by' ^ ; .
w (a) = w (a 4-P) = w(a + P ) , . (58a)
w (a) = w(a + P) = w(a-i-P ) , (58b)
i n  w hich a  i s  a  c o n s ta n t  and such t h a t  w (s) i s  n o t ‘ d e fin e d  
a t  a  s i n g u l a r i t y  o f (57) .  ' •
. , The d i f f e r e n t i a l  e q u a t io n  (57) m ust have an i n f i n i t e  
number o f s i n g u l a r i t i e s  and s im i la r  to  § A .7 we assume t h a t  
some c o n v en tio n  h a s  b een  adop ted  i n  o rd e r  t h a t  th e  a n a ly t ic  
c o n tin u a t io n  o f w (z) i s  s in g le -v a lu e d  th ro u g h o u t th e  e n t i r e  
z -p la n e . . For exam ple, th e  z -p la n e  m ay b e  c u t i n  a s im ila r  
manner t o  §§ 2 .1  o r  4 .5 1  and th e  c o n tin u a t io n  w i l l  be  b y .a
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p a th  w hich a v o id s  th e  c u ts .
I f  w(z) i s  a  s o lu t io n  o f (37) w hich i s  d o u h ly - p e r io d ic .
*w ith  p e r io d s  P5 P th e n  we can  a ls o  o b ta in  boundary  . 
c o n d it io n s  o f th e  form  (38) and th e  r e s u l t s  d e s c r ib e d  in  
t h i s  p a ra g ra p h  a p p ly  to  t h i s  c a s e . I f  th e  z -p la n e  i s  c u t 
th e n  w(z) i s  d o u b ly -p e r io d ic  i n  t h i s  c u t p la n e  i n  th e  sense  
d e s c r ib e d  i n  p a ra g ra p h  4 .6 .
As m i ^ t  be  e x p ec ted  we can red u ce  th e  tw o-param eter 
problem  to  a o n e -p a ram e te r p ro b le m .in  p a r t i a l  d i f f e r e n t i a l  
e q u a t io n s . The d i f f e r e n t i a l  e q u a t io n  s a t i s f i e d  by  .
¥ ( a ,  P) s  w(a)w(P) i s  i d e n t i c a l  to  (5 ) and th e  boundary  .'. 
c o n d it io n s  a p p lie d  to  W (a,p) a re
» : . 'W (a,p) = ¥ (a + P ,p )  = W (a + P ,p )  \  ( 3 9 a ,b ) .
' ■ ■ ,  ■ ■ ■  :W (n,a) = W (a,a+P) = W (a,a+P ) . (3 9 c ,d ) .
. , (40a ,b )
^  W(a, P) I W(a, p) I ^  W(a, |3) { • ,
■ ' . (4 0 c ,d )
' 4  ■' ^2 ' :L e t J dz d en o te  co n to u r  i n t e g r a t i o n  a lo n g  a p a th  m  .
' ■ - '1  ' ■: ■ .
th e  complex z -p la n e  jo in in g  .z-, and Zg and s im i la r  to  § A .7 , which 
i s  such t h a t  i t  does n o t  p a s s  th ro u g h  any s i n g u l a r i t y  o f th e  
d i f f e r e n t i a l  e q u a t io n  (37)» I n . t h e  case  o f  th e  doubly— 
p e r io d ic  e ig e n v a lu e  problem  i t  i s  p o s s ib le ,o n c e  a g a in , to  
e s t a b l i s h  th e  o rd in a ry  and double  o r th o g o n a l i ty  p r o p e r t i e s .  .
: /  . 1 5 0 .
L et w ^ (z ), WgCz) be s o lu t io n s  o f (57) and (58) f o r  th e  . 
sam e, p b u t d i f f e r e n t  v a lu e s  (X^,X2) o f X. The o rd in a ry  . 
o r th o g o n a l i ty  r e l a t i o n s , a r e
a+P su # '
J  ~ J  ^1^2^^ =: 0 , (41)
and th e  double' o r th o g o n a l i ty  r e l a t i o n  i s  c l e a r l y  fo rm u la te d  
a s  f o l lo w s : -
L e t v ^ ( z ) ,  VgCz) be s o lu t io n s  o f (57) and (58) f o r  
d i f f e r e n t  X a n d /o r  p, i . e .  ( ^ i^ ^ f )  (Xg, pg) w ith  
Xf /  Xg o r  /  2^ o r  b o th . Then
a+P a-fP '
J  I  ( P) VgC P) ( Y)"V2 ( y) ( P)":^ ( Y) } (3.Pdy = 0 .
(42)
The p ro o f  o f e q u a t io n s  (41) and (42) i s  s im ila r ,  to  t h a t  
g iv en  i n  § A. 5°
■ I f  we c o n s id e r  th e  p a th s  o f in te g r a t i o n  to  be  (a ,a+ P )
3o r  (a ,a+ P  ) th e  e ig e n fu n c tio n  ex p an sio n s in d ic a te d  in  § A .4 
a re  co m p le te ly  ana lo g o u s f o r  th e  d o u b ly -p e r io d ic  p rob lem . 
E qually , ex te n d ab le  i s  th e  theorem  re g a rd in g  th e  r e a l  
c h a r a c te r  o f  th e  e ig e n v a lu e s .  The theorem  can  be  s t a te d  
a s  f o l lo w s : -
• ' ‘ .
Theorem A .5 -
L e t u (z ,X ,p )  be  a  s o lu t io n  o f (57) such t h a t  
u(cL,X,p) = u (a + P ,X ,p ) . L et
: . \  '
■ ( i )  p a th s  ( a ,a + P ) , (a ,a+ P  ) e x i s t  v/hich a re  p a r a l l e l  
to  e i t h e r  th e  - r e a l  o r  im ag in ary  a x is  an d 'd o  n o t  ’ , 
p a s s  th ro u g h  a s i n g u l a r i t y  o f th e  e q u a t io n  (57) ' 
and do n o t  c ro s s  a  p o s s ib le  c u t i n  th e  z -p la n e , ;
( i i )  u (z ,X ,p )  be  e i t h e r  r e a l  o r  p u r e ly  im ag in ary  on -
(a ,a+ P ) and (a ,a+ P  ) - fo r  r e a l  X ,p ,
( i i i )  f ( p )  -  f  (y ) be r e a l  and o f one s ig n  f o r
p € [a ,a + P ] and y € [a ,a+ P  ,3* . . .
The e ig e n v a lu e s  o f  th e  problem  (57) and (58) a re  then rea l* . 
The p ro o f  o f t h i s  theorem  i s  th e  same a s . t h a t  g iv en  in  
§ A*5 w ith  th e  a p p ro p r ia te  m o d if ic a t io n s .-
. The i n t e g r a l  r e l a t i o n s  and i n t e g r a l  e q u a t io n s  (§ A .6) 
can e a s i l y  be seen  to  a p p ly  to  th e  d o u b ly -p e r io d ic  problem. 
As i n  th e  p rev io u s p a ra g ra p h  (§ A .7 ) ,  hcw ever, i f  w(z) 
s a t i s f i e s  th e  boundary  c o n d it io n s  (5 8 ) , th e  p a th s  of  
i n t e g r a t i o n  a re  (a ,a + P ) and ( a , a+P ) and G and E s a t i s f y  
a p p ro p r ia te  p e r io d ic  r e s t r i c t i o n s  th e n  th e  in te g r a te d  te rm s 
in v o lv in g  G o r  H w i l l  v a n ish . The c o n d itio n s on G and H 
a re  e a s i l y  o b ta in e d  and w i l l  n o t  be  g iven  h ere .
%
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